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SINGULAR PARABOLIC EQUATIONS OF SECOND ORDER ON 
MANIFOLDS WITH SINGULARITIES 

YUANZHEN SHAO 


Abstract. The main aim of this article is to establish an Lp-theory for elliptic 
operators on manifolds with singularities. The particular class of differential 
operators discussed herein may exhibit degenerate or singular behavior near 
the singular ends of the manifolds. Such a theory is of importance for the 
study of elliptic and parabolic equations on non-compact, or even incomplete 
manifolds, with or without boundary. 


1. Introduction 

In this article, we study second order differential operators in an Lp-framework 
defined on manifolds with singularities. The particular class of manifolds considered 
here is called singular manifolds. Roughly speaking, a manifold (M, g) is singular if 
it is conformal to a manifold {M,g/p^) whose local patches are of comparable sizes, 
and all transit maps and curvatures are uniformly bounded. The conformal factor 
p is called a singularity function for (M,g). In [T3], it is shown that the class of 
all such (M,g//9^) coincides with the family of complete manifolds with bounded 
geometry if we restrict ourselves to manifolds without boundary. The concept of 
singular manifolds used in this paper is first introduced by H. Amann in [2]. 

The approach in this article is based on the traditional strategy of associating differ¬ 
ential operators with densely defined, closed and sectorial forms. This method, be¬ 
ing utilized by many authors, has displayed its power in establishing Lp-semigroup 
theory for second order differential operators on domains in K'^. See, for example, 
0 [Tim [311 [31 [33] and the references therein. To clarify the role of the differential 
operators in this article, we look at 

£/ = p-^A, (l.I) 

where p S (0,1)) is a conformal factor and A > 0, or p S (1, oo)) 

and A < 0. A is a uniformly strongly p-elliptic operator in the sense that the local 
expressions of A have uniform ellipticity constants in all local coordinates. More 
precisely, a second order differential operator 

Au := — div(d • gradw) -I- C(Vri, oi) -I- agu 
is uniformly strongly p-elliptic, if the principal symbol of A fulfils 
aA{x, := {d{x) ■ , 
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for any cotangent field Here g* is the cotangent metric induced by g, a is a 
symmetric (1,1)-tensor field on (M,g), and the operation [tt i—>■ a • Vu] denotes 
center contraction. See Section 3 for the precise definition. The Lp theory of 
uniformly strongly p-elliptic operators has been established by H. Amann in [4]. 

In contrast, in this paper we will focus on the operator £/. An easy computation 
shows that the principal symbol of si/ satisfies 

Therefore, £/ can exhibit both degenerate and singular behaviors near the singular 
ends. However, in comparison to A, the choice of p and A in reveals that 

the ellipticity constants of the localizations for the operator jzf in local coordinates 
blow up while approaching the singular ends of the manifold (M,^). The rate of 
the blow-up for the ellipticity constant is characterized by the power A. For this 
reason, we will call such a {p, A)-singular elliptic operator. The precise definition 
of (p, A)-singular ellipticity can be found in Section 3. To illustrate the behavior of 
the operator £/, we consider the Euclidean space as a singular manifold with 
oo as a singular end, and take A to be the Laplacian in (HU. Then the operator 
in some sense, looks like one with unbounded coefficients at infinity on K.^. 

To the best of the author’s knowledge, there are only very few papers on the gen¬ 
eration of analytic semigroups for differential operators with unbounded diffusion 
coefficients in or in an exterior domain with regular boundary, among them 
[HI [201 [211301 El- In all these articles, the drift coefficients have to be controlled 
by the diffusion and potential terms. In EH, the authors use a form operator 
method to prove a semigroup result for operators with unbounded coefficients in a 
weighted Sobolev space. The drawback of the method used in m is reflected by 
the difficulty to precisely determine the domains of the differential operators. This 
is, in fact, one of the most challenging tasks in the form operator approach. One of 
the most important features of this article is that with the assistance of the theory 
for function spaces and differential operators on singular manifolds established in 
HElIl], we can find a precise characterization for the domains of the second order 
(p, A)-singular elliptic operators. 

A conventional method to render the associated sesquilinear form of an elliptic 
operator A densely defined, closed and sectorial is to perturb ^ by a spectral 
parameter w > 0. See Ell [33] for instance. Then A generates a quasi-contractive 
semigroup. However, for a (p, A)-singular elliptic operator, e.g., the operator ^ in 
(HU, because of the existence of the multiplier p we need to perturb .e/ by a 
weight function of the form ujp~^. This feature arising from our approach creates 
an essential difficulty for parabolic theory of differential equation on manifolds with 
singularities. We take conical manifolds as an example. Given a compact closed 
manifold B, the Laplacian on the conical manifold ([0,1) x i?)/({0} x B) reads as 

+ Ab). 

In order to prove that this operator generates a contractive semigroup, we need 
to perturb it not by a constant w, but actually by a weight function The 

commutator of weight functions and differential operators is usually not a pertur¬ 
bation in the sense of HU US]- Thus the extra term in general, cannot be 

removed by a “soft” method, like the perturbation theory of semigroups. In some 
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cases, e.g., the Laplacian operator, we find it more practical to put a control on 
the diffusion or drift term. This is a quite natural condition which has been used 
in [niisniiiiiMiisj- In all these articles, the growth of the drift coefficients have 
to be controlled by the diffusion and potential terms. 

In Section 5, we are able to remove the compensation condition ujp~^ for a class 
of singular manifolds called singular manifolds with c^-ends. To the best of the 
author’s knowledge, this concept is introduced here for the first time. To illustrate 
how to construct such manifolds, we look at the following example of manifolds with 
“holes”. First, we start with an m-dimensional complete closed manifold {^,g) 
with bounded geometry. Then we remove finitely many Sj C Each Ej is an 
TO-dimensional compact manifold with boundary. Let 

M := ^ \ UjSj. 

Since the boundary dTij is not contained in M, the manifold (M,g) is incomplete. 
The resulting manifold with “holes” is a singular manifold with c^-ends. 

To illustrate the work in this paper, we consider the Laplace-Beltrami operator 

Ag := divg o gradg 

on a manifold with “holes”, which we denote by (M,^). We want to point out that 
—Ag is indeed of the same type as £/ in dD. Instead, taking 

p := dist(-, i9Ej), near p ^ 1 elsewhere, 

the operator —p^Ag is uniformly strongly p-elliptic. Here ^ denotes Lipschitz 
equivalence. In Section 5.3, we prove that Ag generates a strongly continuous 
analytic semigroup on (M) with domain I < p < oo. Here 

Lp (M) and WpA some weighted Sobolev spaces whose definition will be 

given in Section 2.2. More general results for second order differential operators 
will be stated in Section 5.3 below. 

The study of differential operators on manifolds with singularities is motivated by 
a variety of applications from applied mathematics, geometry and topology. All 
of it is related to the seminal paper by V.A. Kondrat’ev [23]. There is a tremen¬ 
dous amount of literature on pseudo-differential calculus of differential operators of 
Fuchs type, which have been introduced independently by R.B. Melrose |28l[29| and 
B.-W. Schulze |27l [ST] [38l [39]. One branch of these lines of research is connected 
with the so-called 6-calculus and its generalizations on manifolds with cylindrical 
ends. See [28l [29] . Many authors have been very active in this direction. Research 
along another line, known as conical differential operators, has also been known for 
a long time. Operators in this line of research are modelled on conical manifolds. 
The investigation of conical singularities was initiated by J. Cheeger in 01110], 
and then continued by many other authors. A comparison between the 6-calculus 
and the cone algebra can be found in [25| . However, for higher order singulari¬ 
ties, the corresponding algebra becomes far from being elementary, although many 
ideas and structures can be extracted, e.g., from the calculus of boundary value 
problems, c.f., (201371 [39]. In Section 5.2, we will show that it is possible to create 
singular manifolds with c^-ends with singularities of arbitrarily high dimension. 
The amount of research on pseudo-differential calculus of differential operators of 
Fuchs type is enormous, and thus it is literally impossible to list all the work. 
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This paper is organized as follows. 

In the next section, we present some preliminary material, including the defini¬ 
tions and fundamental properties of the function spaces used in this article, and a 
divergence theorem for tensor bundles. 

Section 3 provides the theoretical basis for this paper, wherein we prove the gener¬ 
ation of analytic Lp-semigroups by second order differential operators in divergence 
form on singular manifolds. To prove that a differential operator £/ generates a 
contractive strongly continuous analytic semigroup, as we mentioned earlier, it is 
usually necessary to perturb 42 / by a weight function of the form ujp~^, which is 
equivalent to requiring £/ to possess a large positive potential term. A precise 
bound on this compensation condition can be formulated for L 2 -theory, or general 
Lp-theory for scalar functions. It is shown in Section 5 that, for singular manifolds 
with Jifx-ends, the aforementioned largeness condition for the potential term of 
or equivalently the perturbation U!p~^, can be removed. 

In Section 4, we follow the techniques and constructions from to introduce two 
important classes of singular manifolds, that is, manifolds with singularities of 
wedge type and manifolds with holes. Typical examples of manifolds of wedge type 
are conical manifolds and edge manifolds. As mentioned in Remark 15.151 below, 
the concept of manifolds with holes can be generalized to manifolds constructed by 
removing finitely many compact closed submanifolds from a complete manifold. 

In Section 5, we first demonstrate a technique to remove the compensation condition 
on the potential terms formulated in Section 3 for second order differential operators 
defined on singular manifolds with so called property which means that there 
exists some function h G C'^(M) on (M,^) with singularity function p satisfying 

p\gva.Agh\g 1m, p^divg(p^“^gradg/i) -- 1 m■ 

The study of such conditions is new. Based on this technique, we generalize the 
Lp-theory established in Section 3 to a class of manifolds, called singular manifolds 
with c^^-ends. Roughly speaking, a singular manifold has c;^-ends if near the sin¬ 
gularities it is a singular manifold with property The discussions in Section 5.2 
and 5.3 show how to construct singular manifolds with ,^^-ends in a systematic 
way. The main results of this articles. Theorems 15.17115.181 and Corollarv l5.20l are 
presented in Section 5.3. 

In the last section, several applications of the Lp-theory established in Section 5 
are given. First, we apply the theory established in Section 5 to the heat equation 
on singular manifolds with J^-ends to establish an existence and uniqueness result 
in an Lp-framework. The second example concerns parabolic equations with lower 
order degeneracy or boundary singularity on domains with compact boundary. The 
order of the degeneracy or singularity is measured by the rate of decay or blow-up in 
the ellipticity constant while approaching the boundary. This example generalizes 
the results in [Muni US]- In the third example, we discuss a generalization of the 
parabolic Heston equation. One feature of the equations considered in the second 
and third examples is the anisotropic degeneracy of the higher order and lower order 
terms. For instance, while the leading term is degenerate towards the boundary, 
the lower order terms are allowed to exhibit boundary singularities. 
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Assumptions on manifolds: Following H. Amann [2113], let (M,g) be a (7°°- 
Riemannian manifold of dimension m with or without boundary endowed with g as 
its Riemannian metric such that its underlying topological space is separable. An 
atlas 21 := (0^, for M is said to be normalized if 

o„naM^0 , 

where is the closed half space x and Q™ is the unit cube at the origin 

in R™. We put Q™ := and V’k := 

The atlas 21 is said to have finite multiplicity if there exists A £ N such that any 
intersection of more than K coordinate patches is empty. Put 

Tt(iv) := {R £ A : On (1 Ok. 0}. 

The finite multiplicity of 21 and the separability of M imply that 21 is countable. 
An atlas 21 is said to fulfil the uniformly shrinkable condition, if it is normalized 
and there exists r £ (0,1) such that {i/'„(rQ™) : k £ .ft} is a cover for M. 

Following FI. Amann [2][3], we say that (M,^) is a uniformly regular Riemann¬ 
ian manifold if it admits an atlas 21 such that 

(Rl) 21 is uniformly shrinkable and has finite multiplicity. If M is oriented, then 
21 is orientation preserving. 

(R2) o ijjK\\k,oo < c(fc), K £ r] £ 2I(k), and k £ Nq. 

(R3) ^ gm, K £ ^- Here gm denotes the Euclidean metric on R"* and if^g 

denotes the pull-back metric of g hy ip k- 

(R4) \\ippg\\k,oo < c{k), K £ JF and k £ Nq. 

Here |lu||fc,oo := Eaax|Q,|<fc ||d“u||oo, and it is understood that a constant c(fc), like in 
(R2), depends only on k. An atlas 21 satisfying (Rl) and (R2) is called a uniformly 
regular atlas. (R3) reads as 

I^P/c < ippg{x){^, £,) < c|^p, for any x £ Q™, ^ £ M™, k £ ft and some c > 1. 

In |13j , it is shown that the class of uniformly regular Riemannian manifolds coin¬ 
cides with the family of complete Riemannian manifolds with bounded geometry, 
when 5M = 0. 

Assume that p £ (0,oo)). Then (p, ft) is a singularity datum for M if 

(51) {M,g/p^) is a uniformly regular Riemannian manifold. 

(52) 21 is a uniformly regular atlas. 

(53) \\ippp\\k,oo < c{k)pK, K £ ft and k £ No, where p^ ■= p(V’k(0)). 

(54) Pk/c < p(p) < cPk, P £ Ok and k £ ft for some c > 1 independent of k. 
Two singularity data {p, ft) and (p, ft) are equivalent, if 

(El) p- p. 

(E2) cardjk £ ft : 0^ D 0^ 0} < c, k £ ft. 

(E3) \\ipn o ipK\\k,oc < c{k), K £ A, R £ k and A: £ No 
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We write the equivalence relationship as (p,^) ^ (p,-S)- (SI) and (El) imply that 

1 /c<Pk/ps<c, k G a, k € and Ok n Ok 0 . (1.2) 

A singularity structure, ©(M), for M is a maximal family of equivalent singularity 
data. A singularity function for ©(M) is a function p G C°“(M, (0, oo)) such that 
there exists an atlas 21 with (p, 21) G ©(M). The set of all singularity functions for 
©(M) is the singular type, T(M), for ©(M). By a singular manifold we mean a 
Riemannian manifold M endowed with a singularity structure © ( M ). Then M is said 
to be singular of type T(M). IfpST(M), then it is convenient to set |p] := T(M) 
and to say that (M, g; p) is a singular manifold. A singular manifold is a uniformly 
regular Riemannian manifold iff p ^ 1 m • 

We refer to [a E] for examples of uniformly regular Riemannian manifolds and 
singular manifolds. 

A singular manifold M with a uniformly regular atlas 21 admits a localization system 
subordinate to 21, by which we mean a family [TTK^K^si satisfying: 

(LI) tTk G T’(Ok, [0,1]) and is a partition of unity subordinate to 21. 

(L2) II'^k'^kIU.oo < c(fc), ioT kG A, k G Nq. 

The reader may refer to [21 Lemma 3.2] for a proof. 

Lastly, for each fc G N, the concept of C^-uniformly regular Riemannian man¬ 
ifold is defined by modifying (R2), (R4) and (LI), (L2) in an obvious way. Sim¬ 
ilarly, C^-singular manifolds are defined by replacing the smoothness of p by 
p G (0, oo)) and altering (S1)-(S3) accordingly. 

Notations: Given any topological set U, U denotes the interior of U. 

For any two Banach spaces X,Y, X = Y means that they are equal in the sense of 
equivalent norms. The notation £is(A, T) stands for the set of all bounded linear 
isomorphisms from X to Y. 

Given any Banach space X and manifold .y£, let || • ||oo, || • lU.oo, || • ||p and || • ||s,p 
denote the usual norm of the Banach spaces , X){Loo{^, A)), , X), 

Lp{.j^,X) and Wp{.y£,X), respectively. 


2. Preliminaries 

In this Section, we follow the work of H. Amann in [2] and |3] to introduce some 
concepts and properties of weighted function spaces on singular manifolds. Let A 
be a countable index set. Suppose Ea is for each a £ A a locally convex space. We 
endow Ea with the product topology, that is, the coarsest topology for which all 
projections Ea —>■ Ep, (ea)a '—>■ ep are continuous. By 0^ Ea we mean the 

vector subspace of Ea consisting of all finitely supported elements, equipped 
with the inductive limit topology, that is, the finest locally convex topology for 
which all injections Ep —>■ ©a Ea are continuous. 
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2.1. Tensor bundles. Suppose (M,(;;p) is a singular manifold. Given a,T G No, 

TfM :=rM®'^(g)T*M®^ 

is the (tr,r)-tensor bundle of M, where TM and T*M are the tangent and the 
cotangent bundle of M, respectively. We write for the (7°°(M)-module of all 
smooth sections of T^M, and r(M,T.^M) for the set of all sections. 


For abbreviation, we set := {1,2,..., m}*^, and is defined alike. Given local 
coordinates (f = {x^,... ,x^}, (i) := {ii,... ,ia) £ 1“^ and (j) := (ji, ■ ■ ■ tJt) £ J’’, 
we set 


d _ d 



d(i) := o • • • o di^ dx^^^ := dx^^ G) • • • 0 dx^^ 


with di — The local representation of a £ r(M, T^M) with respect to these 
coordinates is given by 


(d 9 


0 dx^^'^ 


( 2 . 1 ) 


with coefficients defined on 0„ 

We denote by V = Vg the Levi-Givita connection on TM. It has a unique extension 
over Tf'M satisfying, for X £ 7(|^M, 


{i) yxf={df,X), /£C'-(M), 


(ii) Vx(a0 &) = Vxa0& +a0 Vx&, a G TffM, b G 
(hi) Vx(a,&) = (Vxa,&) + (a,Vx&), a £ T/M, & £ TJM, 


where (•,•) : TifM x TJM —>■ (^“(M) is the extension of the fiber-wise defined 
duality pairing on M, cf. [H Section 3]. Then the covariant (Levi-Civita) derivative 
is the linear map 

V ; r;"M ^ 7;+iM, a^Xa 


defined by 

(Va,&0X) := (Vxa,6 ), & £ T^M, X £ Tq^M. 


For fc £ No, we define 


V'= :r/M-A77+fcM, a^V^a 

by letting V°a := a and := V o V^a. We can also extend the Riemannian 

metric (T)o from the tangent bundle to any (cr,T)-tensor bundle T5M such that 
(■lOs := (-lOg; :T-MxT-M^Cby 


ia\b)g =9(r)(i)9 




in every coordinate with (z), (z) £ J'^, (j), (j) £ and 




gU)U) .— . . . gj-r . 3 t 


In addition, 

is called the (vector bundle) norm induced by g. 

We assume that T is a C-valued tensor bundle on M and T is a C-valued vector 
space, i.e.. 
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V = V-■.= {T-U,{-\-)g}, and E = , 

for some a,T G Nq. Here (a|6) :=trace(6*a) with b* being the conjugate matrix of 
b. By setting N = , we can identify with 

Recall that for any a G 

(a»);;f (*) e F, (j) G F, fc,ZGF. 

We have = |a|^T+i. For any (ii) G and ( 12 ) G 1“^^, the index (ii;i 2 ) is 

defined by 

5^2,( 72 )’ 

Given any a G 

Similarly, we have |at|gT+i = 

Suppose that cr + r > 1. We put for a G F and ai G r*M, G TM 

(G»(ai,--- ,a7;/3\--- ,F) := a((/3i),, • • • , (F)^; (ai)«, • • • ,( 07 )“). 

Then it induces a conjugate linear bijection 

Gl-.V^ V, (G;)-i = G?. 


Consequently, for a,b G V 
From this, it is easy to show 


{a\b)g = {a,Gib). 


\Gla\g. = |a|^ 


( 2 . 2 ) 


Throughout the rest of this paper, unless stated otherwise, we always assume that 


• (M,g;p) is a singular manifold. 

• p G T(M), s>0, l<p<oo and -d G K. 

• (tTk, Ck)kga is a localization system subordinate to 21. 

. a,r G No, F = F/ := {TfM, (.|.)g}, E = Ef := (-I-)}. 

In [2l Lemma 3.1], it is shown that M satisfies the following properties: 

(PI) iflg ^ p^dm and iplg* ^ PP^Pm, where g* is the induced contravariant 
metric. 


(P2) Pf,‘^\\i’lg\\k,oo + pl\\'iplg*\\k.oo < c{k), fc G No and K G Si. 
(P3) For (T, r G No given, then 

^ pfr^\'<P*Ag^, aGT^M, 


and 


Wlb\g^pl-^Vl{\b\gJ, bGTfQ: 
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For iF C M, we put Ak '■= {k G A : Ok. H K ^ 0}. Then, given k G A, 


K™ if K G ^ \ , 

otherwise, 


endowed with the Euclidean metric gm- 


Given a G r(M, E) with local representation (12.11) we define i/i’jja G E by means of 
where stands for the (m"^ x TO'^)-matrix with entries in the 
((z), (j)) position, with (i), (j) arranged lexicographically. 


2.2. Weighted function spaces. For the sake of brevity, we set LijocO^, E) := 
Ok Eijoci^K, E). Then we introduce two linear maps for k G A: 

E-l ■ Lijoc{M,V) -)■ Li^ioc{^K,E), u i-A ■)/)*(tTku), 

and 

'Ek ■ Li iqq(^k^ E'j y Tx^^oc(M, E), Vk ' ^ '^k^k^k- 

Here and in the following it is understood that a partially defined and compactly 
supported tensor field is automatically extended over the whole base manifold by 
identifying it to be zero outside its original domain. We define 

TV : Li,zoc(M, V) ^ u ^ 

and 

E : —>■ Li ioc{M, H), {vk)k EkVk- 

K 

In the rest of this subsection we suppose that k G Nq. We denote by T>(M, V) the 
space of smooth sections of V that is compactly supported in M. Then the weighted 
Sobolev space Wp’^{M,V) is defined as the completion of T>(M, V) in Li^iodM, V) 
with respect to the norm 

II • IU.P;>? : « ^ (Eto ||/+*+"-lV*u|,||pi 

Note that bFp’’^(M, V) = Lp(M, F) with equal norms. In particular, we can define 
the weighted spaces L^{M,V) for q G {l,oo} in a similar manner. 

Analogously, the weighted Besov spaces are defined for fc G N by 

F) := (IFp"-i'’’(M, F), iM,V))i/2,p. (2.3) 

Define 

F) := ({u G C^M, F) : ||u|U,oo;^ < oo}, || • |U.oo;^), 
where ||u||fc,oo;i) := maxo<i<fc||p'^+*+'^“'^|V*u|g||oo- We also set 
BC^’^{M,V) := P|HC'=’’’(M,F). 

k 

The weighted Sobolev-Slobodeckii spaces are defined as 

F) := V))s/k,p, (2.4) 

for s G M+ \ No, fc = [s] + 1, where {■,-)e,p is the real interpolation method [4TJ 
Section 1.3]. 
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Whenever 9M ^ 0, we denote by the closure oiV{M,V) in 

In particular, 

V) = F), 0 < s < 1/p. 

See [H Theorem 8.3(ii)]. 

In the special case that (M,p) is uniformly regular, since p ^ 1m, the definition of 
any weighted space F) is actually independent of the weight d. In this case, 

all spaces are indeed unweighted. We thus denote these spaces simply by F). 


In the following context, assume that E,^ is a sequence of Banach spaces for k G 
Then E := For 1 < g < oo, we denote by /q(E) := Z^(E;p) the linear 

subspace of E consisting of all x = (a;^) such that 


ll®lli/(E) 


K 

supIIp^^x^IIb^, 


1 < g < oo, 
q = oo 


is finite. Then lg(E) is a Banach space with norm || • ||;,?(£)• 


For S' G {BC, Wp, Wp}, we put S'® := OkS’k, where := S®(X„,£'). 

Proposition 2.1. TZ is a retraction from lg{'S^) onto with TZ’^ as a 

coretraction, where q = p for S G {Wp, Wp}, or q = oo for S = BC. 


Proof. See [H Theorems 6.1, 6.3, 7.1, 11.1]. □ 

Let Vj = Vt/ ■= {TrfM, (•|•)g} with j = 1,2,3 be C-valued tensor bundles on M. 
By bundle multiplication from Vi x 14 into V 3 , denoted by 

m : Vi X F21/3, ('Ci,'C2) H> m(-(;i,W2), 

we mean a smooth bounded section m of Hom(Fi ®V 2 ,Vz), i.e., 

mG SC'“(M,Hom(Fi 0 ^ 2 , 14 )), ( 2 . 5 ) 

such that m(tii,U2) ;= m(ui 0 ^2). (12.5p implies that for some c > 0 
|m(?;i,U2)|g < c|z;i|g|u2|g, Vi G F(M,Fi) with i = 1,2. 

Its point-wise extension from r(M, Fi © 14) into r(M, I 4 ) is defined by: 

m(-Ui,U2)(p) := m(p)(z;i(p),-y2(p)) 

for Vi G r(M,Fi) and p G M. We still denote it by m. We can formulate the 
following point-wise multiplier theorem for function spaces over singular manifolds. 

Proposition 2.2. Let fc G Nq. Assume that the tensor bundles Vj = Vt/ '■= 
{r.^"M, (•|•)g} with j = 1,2,3 satisfy 

cr3-T:i=ai+a2-Ti-T2. (2.6) 

Suppose that m : Fi x F 2 —>■ 14 a bundle multiplication, and da = di + ^ 2 . Then 
[(ui,W 2 ) >—>■ rn(?;i,W 2 )] is a bilinear and continuous map for k gNq and s < k 

BC''=.’’i(M,Vi) X W/'^^{M,V2) W/’^^{M,V3). 


Proof. This follows from [S] Theorem 13.5]. 


□ 
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Proposition 2.3. For ^ G {BC,Wp, Wp}, we have 

V G £(r+^’’^(M,P;^),r’’'(M,V;'Vl))• 

Proo/. When ^ G {BC,Wp}, the case s G Nq is immediate from the definition of 
the weighted function spaces. The non-integer case follows from [3l Theorem 16.1]. 
When ^ = Wp, the assertion is an immediate consequence of its definition and 
a density argument. Indeed, for any u G l/f ), there exists a sequence 

(un)n G converging to u in W'p+^(M, V^). Then the assertion for ^ = Wp 

implies that iyun)n G 'D{iA,V^j^i) converges to Vit in Wp{M,V^j^i). Therefore, 
Vug □ 

Proposition 2.4. For ^ G {BC,Wp,Wp}, we have 

U := [u^p’’u] G/:is(r’’’'+’’(M,F),r’’’'(M,P)). 

Proof. The case ^ = BC was shown in (40] Proposition 2.6]. The proof for ^ = 
Wp follows in a similar manner. The remaining case, i.e., ^ = Wp, is a direct 
consequence of its definition and a density argument as in the previous proposition. 

□ 


2.3. Surface divergence. 

Proposition 2.5. For ^ G {BC, Wp, Wp}, we have 

[a ^ a«] G £(r’’’(M,K%),r’’'+"(M,V;‘^+i)). 
[a ^ a,] G £(r’’’(M,K"+i),r’’’-'(M,K%)). 


Proof. We only prove the second assertion. The first one follows in an analogous 
manner. For any JT G TM, 

Vxab = Vx(5> a) = C^xg, a) + {g, V^a) = {g, Vxa) = xa)\,. 

The third equality follows from the metric preservation of the Levi-Civita connec¬ 
tion. This implies 

V(ai,) = (Va)i,. 

By induction, we have 

V\a^) = {y^a\. 

Then the statement for the case s G Nq is an immediate consequence of the def¬ 
initions of the corresponding function spaces, and the non-integer case follows by 
interpolation theory and Definition (12.41) . □ 


We denote by —>■ P/ the contraction with respect to position cr -I- 1 

and r -I- 1, that is for any (j) G J'^, (j) G and A:, Z G and p G M 


^CT+l 

'-r +1 


a := C 


<T+iCrk) d 
dx^i) 




(8) dx^^^ 


in every local chart. Recall that the surface divergence of tensor fields with respect 
to the metric g is the map 


div = divg : C^{M,V^+^) C{M,V^), a ^ C^+](Va). 


(2.7) 
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Suppose that 9M ^ 0. Since T(5M) is a subbundle of codimension 1 of the vector 
bundle (TM)gM over 9M, there exists a unique vector field n in (TM)aM of length 
1 orthogonal to T(9M), and inward pointing. In every local coordinates, = 

{^1 ; * * * 5 } 


1 d 


Put V •— VJ. Let C : x P' —>• denote the complete contraction. For 

any a G and b G V', the complete contraction (on the right) is defined by 


C{a,b) 


= a 


(i'M) 

(r,ji) 


50)^ 


(g) 


with (i) G ,(ii) G (j) G G in local coordinates. The complete 

contraction (on the left) is defined in an analogous manner. Note that the complete 
contraction is a bundle multiplication. 


Theorem 2.6. For any a G W 2 ’ ’^(M,F') and b G IF 2 ^’’^(M, F/+^) 


J (div&, a) dVg 

M 


J {b,Va) dVg. 
M 


Proof. By the divergence theorem and the density of X>(M, V) and X>(M, in 

IF 2 ^’“’’(M, F') and IF 2 ^’’’(M, F/+^), it suffices to show that 

div(C(6, a)) = (div5, a) + {b, Va), (2.8) 

for any a G ^(M, F') and b G ^(M, F/+^). Definition (12.711 yields 
div(C(6,a)) = div(ag6j;.’^)^) = afe(ag6j;.f)) + 

for (i) G 1“^, (j) G J"^. By [3J formula (3.17)] and (12.7p 
(div6, a) 

G T 

— SP (h^rk)\ , Y-is ph .(ufc) _i_ 

) + i2^^kh%) -2^^kjAju -F -,j.) + ^kh\j) )%), 

S=1 t=l 

and 

(i.. Va) = (fta«>)l,;‘f + (i:ri>g---- 

t=l S=1 

This proves (12.81) . □ 


Corollary 2.7. For any a G IF 2 F) and b G IF 2 ’’’(M, F/+i) 


- J{dWb\a)gdVg = J{b\gia.da)g dVg. 
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Proof. In O p. 10], it is shown that for any X G TM and a G V 

Xx{Gla) = GliXxa). 

Therefore, 

VGla = {Gl+\Vu)\. 

Now it is an easy task to check 

VG> = (G^+^(gradu)i,)i, = G^+i(gradM). (2.9) 

This implies the asserted result. □ 

Proposition 2.8. div G £(y*+h’’(M, 1//+1), I^)) /or 5^ G {BG,Wp,Wp}. 

Proof. Given any a G it is easy to see that 

with '!/)*(7rKa|*^) in the ((i), (/)) position. Here g = oo for 5^ = BC, or q = p for 
^ G {Wp,Wp}. Combining with Proposition 12.11 it implies that 
Cf+l G r’’’(M,H)). 

Using Proposition 12.31 we can now prove the asserted result. □ 

2.4. Spaces of negative order. For any u G P(M, V) and v G P(M, V'), we put 

{u,v)wi := J{u,v)dVg. 


Then we define 

1U-"’’^(M, V) := (11G;-’’(M, U'))' (2-10) 

by mean of the duality pairing (•, •)m- It is convenient to denote by IUp"®’’^(M, V) 
the closure of T>(M, V) in lUp"®’’^(M, V). Then 

Wl’^{U,V) = Wl'^{M,V), t<l/p. (2.11) 

We refer the reader to [U Section 12] for more details. Given u G S'“®’'^(M, V) with 
5 G {Wp, Wp} and V G P(M, VJ+^) 

{yu,v)M ■= - J{u,dw{v)) dVg. (2-12) 

M 

Theorem 12.61 shows for u G 5^“®’'^(M, and v G 'D{iA,V') 

(divM, v)m = - j {u, Vv) dVg. 

M 

By means of Proposition 12.31 and 12.81 it is not hard to prove the following proposi¬ 
tion. 

Proposition 2.9. Suppose that 5^ G {Wp, Wp}. Then 
V G /:(5-"’’’(M, U), ^-^-i’’'(M, 

and 

div G /:(i?-"’’’(M,u;^+i),5^-*-i’’’(M,u)). 
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Let be the inner product in Lf (M,y), that is, 

{u\v)2,'d' ■= J (2.13) 

M 

Proposition 2.10. Suppose that ^ G {Wp,Wp} and s G K. Then 

[u ^ G £is(r’’’(M, P),r’’’(M, P'))- 

Proof. The statement follows from Proposition 12.41 an analogue of the proof for 
Proposition (12.51) and the open mapping theorem. □ 

In virtue of ProDOsition l2.4l and 12.101 now one readily checks that 

( 2 . 14 ) 

where (IPp’’’(M, y))J,, is the dual space of 14) with respect to 


3. Lp-theory of (p, A)-singular elliptic operators 


Let cr,T G No and A' G K. Suppose that A : 'D[M,V) —^ r(M, 14) is a second order 
differential operator defined as follows. 

Au := — div(a • gradu) + C(Vm, oi) + aou, ( 3 - 1 ) 

with a G G^(M,T/M), m G r(M,TM) and uq G C''^, for any u G C°“(M,t4) and 
some A G K. We put for all w > 0 

AujU := Au + wp~^u. 


Center contraction [u i—>■ a • gradu] is defined by the relationship 
• : X : (a, b)^ a- b, 

and in every local chart for p G M, we have 

(a • 6)(p) := {ai^ 0 dx>^{p)} ■ ® ^ ® 




with (i) G (j) G and l,k,h G J^. Here we write a differential operator in 
divergence form, which will benefit us in giving a precise bound for the constant w. 


3.1. L 2 -ttieory. We impose the following assumptions on the coefficients of A and 
the compensation term ojp~^. 

(Al) A is (p, A)-regular, by which we means that a G M) is sym¬ 

metric and 

aiGL^(M,TM), aoGL^(M). 

(A2) A is (p, A)-singular elliptic. More precisely, there exists some Ga > 0 such 
that 


(a-eia(p) PGM. 
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(A3) w > WA, where oja S M satisfies for some Ci <2 

essinf(Re(p''ao) + wa) > 0; (3.2) 

p'^"^|(2A' + 2r-2(T)a-gradlogp + ai|g < Ci\JCa{Re{p^aQ) + uja); (3.3) 

p^“^|(2A' - A + 2r - 2(T)d- grad log/9 + ai|g < Ci^J Ca + uja)- (3.4) 

Here the weighted Loo-space L^(M,TM) and L^(M) are defined in an obvious 
manner as for the weighted Lp-spaces in Section 2.2. We may replace the compen¬ 
sation term ujp~^ by a largeness condition for the potential term oq, which can be 
stated as follows. 

(A3’) Re(p^ao) is so large that there exists some Ci < 2 and oja < 0 such that 
essinf(Re(p^ao) -I- uja) > 0; 

p^“^|(2A' -I- 2r - 2a)d- gradlogp -I- ai|g < Ci\J Ca{^e{p^aQ) +uja)\ 
p^“^|(2A' - A -I- 2t - 2cr)a • gradlogp -I- ai|g < Ci^Ca{^e{p^ao) + uja)- 

Note that in (A3’) only negative values uja are admissible, which is different from 
(A3). 

Throughout, we assume that the singular data |p] and the constant A satisfy 

f IIpIIoo < 1, A>0, or 

\||p||oo>l, A<0. 

Note that the case A = 0 has been studied in [i]. In this case, actually no restriction 
for IIpIIoo is required. 

Since Wp(M, V) = Wp{M,V) when 9M = 0, in the sequel, we always focus on the 
space Wp(M, V). Given A' G R, let X := H). Then we can associate 

with Au: a form operator with D{a^) = X, defined by 

aui{u,v) = {a - gradM|gradi;) 2 ,A' 4- (C(Vw, (2A' -I- 2t - 2cr)d- gradlogp -|- ai)|'y) 2 ,A' 
-I- ((oo -I-wp“'^)m|w)2,a' 

for all u,v € X. Recall that (•|•) 2 ,A' is the inner product in L 2 '(M,H), see (j2.13l) . 
Lemma 3.1. For any ct, r, G Nq, it holds that 

(a) 

(b) (a|&)gj < |a|g;l^lg;, a, 6 G . 

(c) |C(a, 6)|g; < \a\^A\b\ , a G VJ,'A G ^'(+,1'. 

Proof. Statement (a) can be verified via direct computation. Statements (b) and 
(c) follow from identity (12.21) and [H formula (A5)]. □ 


Proposition 3.2. a^j is continuous and X-coercive. More precisely, 
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(Continuity) there exists some constant M such that for all u,v G X 

< M||u||x|klU; 

(X-Coercivity) foruj large enough, there is some M such that for any u G X 
Re(a<^(ii,M)) > M||u||^. 


Proof, (i) By [1 formula (5.8)], we have 

gradlogp G (3.6) 

Proposition [5^ (Al) and Lemma [3.II then imply that 

a ■ gradlogp = C(a,gradlogp) G i3C'^’'^(M,TM). 


For any u,v G X, 


aujiu,v)\ 

. gi-adu|g|gradn|g dPg 


^7" 

M 


M 


2A'+2t —2(71 /o \/ 


''|(2A' + 2t - 2a)a- gradlogp + ai|g|Vu|g|i;|g dVg 

+ J + uj)\p~^^‘^u\g\p~^^'^v\g dVg 

M 

< ll/■"a|l^(/ \p^' + ^-^/^ + ^-'^\Xu\g\^dVgf^^{j \p’'' + ^-^/^ + ^-^\Xv\g\^dVgy/^ 

M M 

+ ||p'^“^|(2A' + 2 r - 2cr)a • gradlogp + Oilglloo 

(^ |p^' + l-^/2+"-nVu|gpdPg)l/2(y |p^'-V2+— 

M M 

+ ||p"ao+a;||oo(y' \p^’-^/^+^-'^u\ldVgy/\ J |p"'-V2+--^;|2 rfy^)i/2 

M M 

< M(a;)||u||x||f|U. 


This proves the continuity of a^j. 
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(ii) Given any u G X, we have 
Re(a„(u,M)) 

> Ca y \p^ +^“^/^+’‘“'^|gradu|gp dVg 

M 

-Cij ^CaiReip^ao) + dVg 

M 

+ J (Re(/ao) +a;)|p^'-^/2+"-'^n|2dRg 

M 

>(l-^)Ca J |p^'+i-^/'+"-"|Vw|gpdRg + (a;-a;^) J 

M M 

>M(a7)||u||^ 

for all oj > UJA and some M{uj) > 0. In the second line, we have adopted Lemma [3R] 
and (13.3|) . □ 

Proposition 13.21 shows that with D{at^) = X is densely defined, sectorial and 
closed on L 2 (M,R). By [23l Theorems VI.2.1, IX.1.24], there exists an associ¬ 
ated operator T such that —T generates a contractive strongly continuous analytic 
semigroup on L 2 (M, V), i.e., ||e“*^||£(^V(|vi y)) < 1 for all t > 0, with domain 

D[T) := {u e V, 3!i; S L 2 (M, V) : aui{u,cj)) = {v\(j))2,\',y4> G Tu = v, 

which is a core of T is unique in the sense that there exists only one operator 
satisfying 

a^{u,v) = {Tu,v) 2 ,y, uG D{T),v G X. 

On the other hand, by (12.9|) and definition (12.121) . we can get 
{Au,u\v) 2 ,\' = au,{u,v), u,v G X. 

So by the uniqueness of T, we have 

Auj\d(t) = T. 

Therefore, —A^ generates a contractive strongly continuous analytic semigroup on 
L 2 '(M, V) with domain D{Aoj): 

D[Auj) := {u G X,3\v e L2 (M, V) : a^{u,(l)) = (u|(/i)2,a', V(/i G X}, AujU = v. 

In the rest of this subsection, our aim is to show that D{Aui) = V). 

Define 

BujU := —div{p^a ■ gradu) -|- C(Vm, p^ai) + (p^ao + oj)u. 

Recall an operator A is said to belong to the class for some densely 

embedded Banach couple Ei A LIq, if —A generates a strongly continuous analytic 
semigroup on Eq with dom{—A) = Ei. 

(A1)-(A2) imply that 

p^dG BC^'-‘^{U,TlU), p^ai G Loo(M,TM), p^oo G Too(M), 
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and 

{p^S-mgip)>CaP^m\lip), peM. 

By a Theorem 5.2], we obtain 

G (3.7) 

Note that although a Theorem 5.2] is only formulated for scalar functions, this 
theorem can be easily generalized to arbitrary tensor fields. 

For any u G 27(M, F), one checks that 

p~^BuiU = AojU — AC( Vu, d • grad log p) =: A^jU + V\u. (3.8) 

It follows from Propositions 12.2112.31 and ()3.6I1 that 

Combining with Proposition 12.41 we have 

p^Vx G £(IF2’^'-^(M,F),L^'-^(M,F)). 

Let := Buj — p^Vx- By well-known perturbation results of analytic semigroups 
and Definition (12.41) . we infer that 

G L^-^(y)). (3.9) 

Then for w > the previous discussion on Auj and (13.4p show that —^uj generates 
a contractive strongly continuous analytic semigroup on ~^(F). Then, together 
with (|3.7L this implies that for uj sufficiently large, 

G L^'-\V)) n CisiW^’^'-\V),L^'-\V)). 

Now we infer that D{^^) = ~^(V). Observe that D{^A) is invariant for 

io > to A- Thus for all ui > uja, the operator — generates a contractive strongly 
continuous analytic semigroup on ~^(F) with domain ~^(V). 

Theorem 3.3. Suppose that the differential operator 

Au := —div(d • gradu) -I- C(Vu, oi) + oqu, 

is (p, A)-re 3 Mfor and {p, X)- singular elliptic, and the constant uj satisfies (AS). De¬ 
fine Au: := A-\- ojp~^. Then 

Au: G L^{U,V)) n V),L^'{M, F)), 

and the semigroup {e“*'^‘^}t>o is contractive. 

Proof. By Propositions 12.2112.3112.81 and Lemma 13.11 we obtain 
AI^g£(IF2"’^'-^M,F),L^'(M,F)). 

This implies together with the definition of D{Au:) that 

D{Au:). 

We have shown that for uj > uja, 

Au: = p-^^u: G £is(tF2"’^'-^(M,F),L^'(M,F)). 


(3.10) 
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Now by (j3.10p . we can establish 

The asserted statement thus follows. □ 

Corollary 3.4. Suppose that A is (p, A)-regular and {pA)-si'^gular elliptic, and 
satisfies (A3’). Then 

A G fo), L^'{M,V)) n £is(lT 2 "’^'-^(M, V),L^'{M, fo)), 

and the semigroup {e“‘'^}t>o is contractive. 

3.2. Lp-theory for scalar functions. In this subsection, we assume that V = C 
and abbreviate the corresponding functions space to be ITp’'^(M). The aim of this 
subsection is to prove that the differential operator A^ generates a contractive 
strongly continuous analytic semigroup on (M) with 1 < p < oo for large lo. 

We first show the following Riesz-Thorin interpolation theorem for the weighted 
Lp-spaces with 1 < p < oo. 

Lemma 3.5. Let 1 < po < Pi < oo, 9 G (0,1), and i? G M. Define ^ 

Then for every f G Lpo(M) n (M), 



Proof. Observe that the operator f^ defined in Proposition l2.4l is indeed an isometry 
from Lp(M) to Lp(M) for 1 < p < oo. Then we have 

□ 

/2 

The adjoint, Al* (A'), of A^j with respect to L 2 ' (M) can be easily computed as 
follows. 

Al* (A')m = —div(a • gradu) — C(Vu, 2A'a • grad log p + oi) + (6(A', a) + ujp~^)u, 
where with a := (a, oi, oq) 

5(A', a) := do — div(A'a • gradlogp + oi) — A'(A'a • gradlogp + ai|gradlogp)g. 
Here we have used the equality 

(C(Vu,a)|i;)2,A72 = -(m|C(Vi;, a))2,A72 - (u|(diva + A'(o|gradlogp)g)i;)2,A72 
for a G C^(M,n\/l) and u,v G T’(M). 

The adjoint, Aoj{X') := (Al* (A'))*, of 7l* (A') with respect to L 2 (M) is 
Auj{X')u = —div(d • gradu) + C(Vm, 2A'd • grad log p + oi) + (6(A', a) + u}p~^)u, 
where 

6(A', a) := ag + div(A'd • gradlogp) — X'{X'd ■ gradlogp + oi|gradlogp)g. 

We impose the following conditions on the compensation term wp~^. 
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(A4) w > UJA, where uja S M satisfies for some Ci < 2 
essinf(Re(p^5(A', a ) + uja) > 0; 

p^"^|2A'a-gradlogp + ai|g < CiY^C'^(Re(p^6(A',a)) + 
essinf(Re(/o'^6(A', a) + uja) > 0; 

p^“^|2A'a-grad log p + ai|g < Ci^Ca(Re{p^b{X' ,a)) +uja), 

and 

(A5) w > UJA, where uja S M satisfies for some Ci < 2 
essinf(Re(p'^6(A' — A, a ) + uja) > 0; 

p^"^|(2A' - A)a • gradlogp + ai|g < Ci^JCa(Re{p^b{X', a)) + uja)] 

p^"^|(2A' - A)a • gradlogp + ai|g < Ci\JCa{^e{p^b{X' - A, a)) +uja)- 

We can also formulate an analogue of (A3’) for the largeness of the potential term 
ao to replace the compensation condition (A4) and (A5). 

Then the discussion in Section 3.1 and (A4) imply that —(A') and —Acj(A') 
generate contractive strongly continuous analytic semigroups on L 2 (M) for all w 
satisfying (A4). 

Definition 3.6. Let q S [l,oo] and 'd G R. A strongly continuous semigroup 
{T{t)}t>o on L 2 (M) is said to be L^-contractive if 

||T(t)u||o,g;^ < ||u||o. 9 ;^, t>0, UG LtiM) n L^(M). 

Theorem 3.7. Suppose that the differential operator 

Au := —div(d • gradu) + C(Vu, oi) + agu, 

is {p,X)-regular and {p, X)-singular elliptic. For uj satisfying (A3)-(A5), define 
A^:=A + ujp~^. Then 

GiW(W2.V-A(M),L>'(M))n£is(W2,A'-A(M),L>'(M)), 1 < p < oo, 

and the semigroup is contractive. 


Proof, (i) By Proposition 12.11 it is not hard to verify that u G X implies (|u| — 
l)'*'signu G X and 


V((|m| — l)"''signM) 


Vu, |u| > 1; 

0, |m| < 1. 


Here it is understood that 


signu := 


u/\u\, 

0 , 


u ^ 0; 

u = 0. 


Now following a similar proof to step (ii) of Proposition [221 we get 
Re(Oa,(u, (|u| - l)+signu)) >0, w > uja. 

By [321 Theorem 2.7], the semigroup {e“*-^“}t>o is Loo-contractive. 


(3.11) 
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Similarly, based on (A4), we can show that {e )}(>q and {e )}(>q are 

Loo-contractive as well. By a well-known argument, see [121 Chapter 1.4], this 
implies that for each 1 < p < oo, )}(>q and )}(>q can be extended 

to contractive strongly continuous analytic semigroups on Lp(M) with angle 

0p>0(l-|2/p-l|), 

where 6 is the smaller one of the angles of the semigroups on L 2 (M) generated by 
and {e-*^“(^')}*>o. 

(ii) Pick V £ L 2 (M) fl (M) and u G L 2 {M) fl Loo(M). We then have 

|(e“*-^“u|'u)2,A'/2| = |(?^|e“‘'^“^^'^M)2,A'/2| = I ^^'^u)2,o I 

< IkllLvhlko.- (3.12) 

We have thus established the -contractivity of the semigroup {e“*-^“}t>o. It is 
then an immediate consequence of Lemma 13.51 that is Lp -contractive 

for 1 < p < 2. 

(iii) Now we modify a widely used argument, see m Chapter 1.4], for weighted Lp- 
spaces. Choose u £ L 2 (M) with supp(u) C K with iL C M satisfying Vg{K) < 00 . 
Then 

lim = lim (p“^'xK||e"*-^“'u|) 2 .A' 

*->0+ 1 t^o+ 

= {p~^'X k\\u\)2,\' = IklliV (3.13) 

by the strong L 2 -continuity of {e“*-^“}t>o. On the other hand, we also have 



This together with (13.131) implies that 

^hm ||xM\ife"‘-^‘"u|]p^v = 0. 

Now one can compute that 

lim - u|Lx' < lim \\xK{e~*"^"u - u)\\j x' 

t^o+ “ i^0+ 

< lim — u||rx'p(itr)^/^ = 0. 

- 4^0+ "^-2 

The set of such u contains T>(M) and thus is dense in (M). This establishes the 
strong continuity of on L 2 (M) 0 (M). Lemma [33] then implies the 

strong continuity of }t>o on L2{M) n C(M) for 1 < p < 2. 

By (I2.14|) . Lp (M) is reflexive for 1 < p < 00 . The strong continuity of 

on L 2 (M) n Lp (M) for 2 < p < 00 now follows from |3U Theorem 1.4.9] and the 

strong continuity of ^}t>o on ^^(M) with 1 < g < 2. 

(iv) Assume that {e“‘’^“}t>o is analytic on L 2 (M) with angle cj). We define 

:=p^'e--^-'‘C)p-A'^ on S':= {z G C : 0 < Rez < 1}, 
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where h{z) := with r > 0 and |0| < (/). Then given any u G L 2 (M) fl Ti(M) 
and V G L 2 (M) fl Loo(M), we have 

< \\P~^'u\\Ly\\v\\L2 < \\u\\l2\\v\\l2 (3.14) 

for z G S. Similarly, one can verify that {Hzu\v) 2 fi is continuous on S and analytic 
inside S. Moreover, 

\{HzU\v) 2 ,[)\ < ||M|lLilk||Lo„, if Rez = 0. 

By the Stein interpolation theorem, see m Section 1.1.6], we conclude that for all 
0 < t < 1, u G ^2 (M) n Li (M) and ^ = 1 — 1 + |) 

Wp^'uU, > \\H,p^'u\\l, = 

Therefore, }t>o can be extended to a contractive strongly continuous ana¬ 

lytic semigroup on (M) with angle (j>{2 — 2/p) for 1 < p < 2. 

When 2 < p < oo, the analytic extension of follows from a duality 

argument as in (13.121) . 

(v) In order to determine the domain of Auj, we apply a similar discussion to the 
proof for Theorem 13.31 We consider the adjoint, IB* (A' — A), of IBcj = Buj — p^Vx 
with respect to i.e., 

05* (A' — A)m = —div(p^a • gradu) — p^C( Vu, (2A' — A)a- grad log p-l- oi) -I- p^b{X', a)u, 
and the adjoint, 05(^(A' — A), of IB* (A' — A) with respect to L 2 (M), i.e., 

05(^(A' — X)u = — div(p'^a • gradu) -I- p^C(Vu, (2A' — X)a ■ grad log p -I- ai) 

-I- p^b{X' — A, a)u. 

Following Step (i)-(iv), under Assumptions (A3) and (A5), we can show that IB^^ 
generates a contractive strongly continuous analytic semigroup on “^(M) for 
any 1 < p < oo. By [J] Theorem 5.2], for w large enough. 

An analogous argument to the proof for Theorem 13.31 and the discussion prior to 
this proof yields that 

= p-^^^ G (M)) n ns{W^’^'-\M),L^'(M)). 

□ 

Remark 3.8. The proof of Loo-contractivity for unweighted Lp-spaces in [321 The¬ 
orem 2.7] suggests that there seems to be a more straightforward way to prove 
L^-contractivity. 

In fact, we can show that {e“‘'^‘^}t>o is L^-contractive if for any uG X 

(i) (|u| — p~^ )+signu G X, and 

(ii) Rea,.j(u, (|u| — p~^ )+sigmt) > 0. 

However, Condition (ii), in general, does not hold for all u G X. 
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Remark 3.9. When the tensor field Id ^ C, it requires much more effort to establish 
the Lp-semigroup theory for the differential operator 

Au := —div(d • gradu) + C(Vu, oi) + a^u. 

The author is not aware of how to obtain the L^-contractivity of the semigroup 
{e-*-^“}t>o. Instead, one needs to go through the local expressions of A^j and 
establish a similar contractivity property for these local expressions, and then prove 
generation of analytic semigroups of the local expressions. However, the drawback 
of this technique is reflected by the fact that it is hard to determine the precise 
bound for the constant u. Indeed, we only know that for w sufficiently large and 
1 < p < oo 

A^ e H), L^'{M,V)) n/:is(Wp 2 .V-A(M^ <(M, H)), 

and the semigroup {e“-^“}t>o is bounded on Lp (M, H). Because it is hard to apply 
this result, a rigorous proof for this assertion will not be stated in this article. 

4. Singular manifolds of pipe and wedge type and manifolds with holes 

As was shown by the examples in [^, we can find manifolds with singularities of 
arbitrarily high dimension. Among them, a very important family is the singular 
manifolds of pipe and wedge type. 

Following [5], throughout we write Jq := (0,1] and Joo := [l,oo), and assume 

J € 

We denote by ^{J) the set of all R G C°°(J, (0, oo)) with i?(l) = 1 such that 
R{a) := lim R{t) exists in [0,oo] if J = with a G {0,oo}. We write R G ^{J) if 

t^OL 

{ (i) R G ^{J), and i?(oo) = 0 if J = Joo; 

(ii) / dt/R{t) = oo; ( 4 , 1 ) 

(in) ||5t'"i?||oo < 00 , fc > 1 . 

The elements in “^(J) are called cusp characteristics on J. 

The following results from are the cornerstones of the construction of singular 
manifolds of pipe and wedge type. 

Lemma 4.1. [3 Theorem 3.1] Suppose that p is a bounded singularity function on 
(M, p), and p is one for (M, 5 ). Then p®p is a singularity function for (M x M, g+g). 

Lemma 4.2. [5l Lemma 3.4] Let / : M —>■ M &e a diffeomorphism of manifolds. 
Suppose that {M,g;p) is a singular manifold. Then so is {M, f*g-, f*p). 

Lemma 4.3. Lemma 5.2] Suppose that R G “^(J). Then R is a singularity 
function for (J, dt'^). 

Assume that (H, 6 ) is a d-dimensional singular submanifold of with singular¬ 
ity function b, and R G The (model) (R,B)-pipe P{R,B) on J, also called 

i?-pipe over B on J, is defined by 

P{R, B) = P{R, B- J) := {(f, R{t)y) : f G J, y G H} C 
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It is a (l + (i)-dimensional submanifold of An i?-pipe is an i?-cusp if R{a) = 0 

with a S {0,oo}. The map 

(j)p = (j)p{R) : P ^ J X B {t, R[t)y) {t, y) 

is a diffeomorphism, the canonical stretching diffeomorphism of P. 

Then the above three lemmas show 

Lemma 4.4. {P{R, B), (l)*p{dt^ + gs); (j)p{R <8) b)) is a singular manifold. 

Assume that (r,5r) is a compact connected Riemannian manifold without bound¬ 
ary. Then the (model) T-wedge over the (i?, R)-pipe, P{R,B), is defined by 

W = W(R, R, r) := P(R, B) x T. 

If r is a one-point space, then W is naturally identified with P. Thus every pipe is 
also a wedge. 

Lemmas 14.1114.31 yield 

Lemma 4.5. {W(R, B, T), 4'p{dt'^+gB)+gr', is a singular manifold. 

Another interesting class of manifolds is those with holes. 

Lemma 4.6. Suppose that {.J^,g) is a uniformly regular Riemannian manifold, 
and S = {El, • • • , Efc} is a finite set of disjoint m-dimensional eompaet manifolds 
with boundary such that C ./#. Put 

Then (M,( 7 ) is a singular manifold. 


Proof. This lemma immediately follows from [Sj Theorem 1.6]. □ 

We will show in Proposition 15.131 below how to choose a singularity function for 
such (M,g). 


5. Differential operators on singular manifolds with .^-ends 

5.1. Differential operators on singular manifolds with property In the 

first subsection, we will exhibit a technique to remove the “largeness” assumption 
on the potential term or the compensation term ujp~^. 

Suppose that (M, g; p) is a singular manifold. Without loss of generality, we assume 
that M is connected. Before beginning the discussion of any particular model, we 
first consider a variant of the operator A defined in (|3.ip . i.e., 

Au := —div(a • gradu) + C(Vu, oi) -I- agu. 
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Put V := e for some z = a + ib G C with \z\ = 1, and h G (7^(1^,]^). Then 

Au = — div(a • grad(e^^w)) + C(Ve^^u, oi) + 

= — div(e^^a • gradu) — zdiv(a • {e^^v (g) gradh)) + e^^C(Vu, Oi) 

+ ze^^Ciyh, ai)v + e^^aov 
=e^’^{Av — 2zC(Vv, a ■ gradh) 

— [zdiv(d • grad/i) + z^(a • grad/i|gradh)g — zC{Vh, oi)]u}. (5.1) 

In the sequel, we let a := which means that we will consider differential 

operators of the following form 

Au := —div(p^“^gradu) + C(Vu, oi) + uqu 

with p and A satisfying (13.511 . Assume that A is (p, A)-regular. 

Define 

AhV :=Av — 2 zp^“''C(Vu, grad/i) 

- [zdiv(p2-^grad/i) + z'^p‘^-^\gTadh\l - zC{Vh, ai)]i;. (5.2) 

By (15.11) . we thus have Ah = o Ao 

A function h G C^(M,R) is said to belong to the class Jf\(M,g; p) with parameters 
(c,M), if 

(7^1) M/c < p|grad/i|g < Me; 

M/c < p^div(p^“'^grad/i) < Me. 

Observe that if h G M(\(M,g; p) with parameters (c, 1), then Mh G Jif\{M,g; p) 
with parameters (c, M). 

Definition 5.1. A singular manifold {M,g;p) is said to enjoy property if 
there exists some h G Jifx{M,g; p). 

We impose the following assumptions on the function h, and the constant z = a+ib. 
(HI) (M,(/;p) satisfies properti/, and h G J^\{M,g;p) with parameters {c,M). 

(H2) a G and \z\ = 1. 

Let Az := —zdiv(p^“''‘grad/i) — z^p^“'^|grad/i|g+zC(ai, Vh)+ 09 . By (HI), one can 
check that the operator Ah is (p, A)-regular and (p, A)-singular elliptic with Ca = 1. 
Moreover, (HI) implies 

p2|gradh|2/(Mc3) < p^|div(p 2 -^gradh)|. 

Lemma ETc) yields 

p^\C{Vh,ai)\ < p|grad/i|g||ai||oo;A. 
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Note that (H2) gives b"^ — a? — > 1. We then have 

p^Re(>l 2 ) = p^{b^ — a^)|gradh|g — o/9^div(p^“''grad/i) + p^{aC{Vh, ai) + Re(ao)) 

> p^ib"^ -a^ - - ^||ai||oo;A)|grad/i|2 + /Re(ao) 

> Cop^lgradhlg - uja (5.3) 

for some Co > 1 and oja < 0 by choosing M sufficiently large and the real part of 
i.e., a, satisfying (H2) accordingly. This shows that 


/o|2zgrad/i|g 


2p|grad/i|g < -^=Jp^Re{A^) + uja- 


For any A' G R, let 

/(A', A, T, cr) := {2A' + 2r - 2cr, 2A' - A + 2t - 2cr}. 

By choosing M large enough and making z = a + ib satisfying (H2), it holds that 
p^~^ \ — 2zp^“'^grad/i + tp^^'^gradlogp + ai|g 

< +0;^ (5.4) 

for all t S /(A', A, r, cr) and some uja < 0, Ci G (1, Cq). Therefore, uja < 0 satisfies 


We consider the following condition. 

(H3) M is sufficiently large such that (15.31) and (15.41) hold. 

Summarizing the above discussions, ioi z = a + ib and M satisfying (H2) and (H3), 
we conclude from Theorem 13.31 with w = 0 that 

Ah G L^'(M, R)) n £is(W 2 "’^'-^(M, R), L^'(M, R)), (5.5) 

and the semigroup is contractive. 

For any function space 1?®’'^(M, R) defined in Section 2, the space 

V) := {u G Lijoc{M,V) : e-^'^u G ^’’’(M, R)} 

is a Banach space equipped with the norm || • where 

:= ||e 

It is easy to see that 

G /:is(e-^''r’’’(M, y), ^’’’(M, R)). (5.6) 

Theorem 5.2. Suppose that {M,g;p) is a singular manifold with property 
and h G g; p) with parameters {c,M). Let A' G M, p and A satisfy (13.5p . 

Furthermore, assume that the differential operator 

Au := —div(p^“^gradit) + C(Vu, af) + oqu 

is {p, X)-regular. Then, for any constant z = a + ib and M fulfilling (H2) and (H3), 
we have 

A G e^^L^'(M, R)) n ns{e^^W^'^'~^{U,V), e^^L^{U,V)), 

and the semigroup {e“*'^}t>o is contractive. 
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Proof. Given any angle 9 G [0, tt], set 

T,e ■= {z G C : |argz| < 0} U {0}. 

(15.51) implies that S' := Eg C p{—Ah) so that 

\fj,\ \\{fi + Ah) \\c{L^'^ ^ fc = 0,1, 

for some 9 G [7r/2, tt) and S > 0. By (I5.6|) and A = o AhO it holds that 
S C p{—A) and for all ^ G S and fc = 0,1 

\p\ \\{p + A) 

= ImI IKa^ + c oAhoe ) \\c{e^><-L^'(u,v)y>'W^’‘’^'-’‘^(My))—^' 

Then the assertion follows from the well-known semigroup theory. □ 


Remark 5.3. Because the choice of the constant z and M is not unique, it seems 
that the assertion in Theorem 15.21 is not well formulated. 

However, as is shown in Section 5.3 below, this is indeed not a problem. In The¬ 
orem Em we will generalize the result in Theorem 15.21 to singular manifolds with 
J^-ends, which roughly speaking, means that a manifold satisfies property 
close to the singularities and is uniformly regular elsewhere. 

As we will see in Theorem 15.181 and Corollary 15.201 below, for most of the prac¬ 
tical examples, once an h G with parameters (c, 1) is fixed, we will 

see that the space e^^^Wp’'^(M,V) actually coincides with the weighted Sobolev- 
Slobodeckii space H), for any z = a + ib and M fulfilling (H3) and 

(H4). 

Note that aM G (—-^,0) in fact only depends on the constant c. Since the weight 
A' is arbitrary, in Theorem 15.21 we actually have that for any A', 

A G L^'(M,V)) n £18(1^2H), L^'(M,V)). 

The result in Theorem 15.21 thus parallels to those in Section 3. 


5.2. Singular manifolds with c^-ends. 

Definition 5.4. An m-dimensional singular manifold (M, 5 ;p) is called a singular 
manifold with Jif\-ends if it satisfies the following conditions. 

(i) G = {Gi,--- ,G„} is a finite set of disjoint closed subsets of M. Each 
{Gi,g;pi) is an m-dimensional singular manifold satisfying property Jjf\. 

(ii) Go is closed in M, and (Go, 5) is an m-dimensional uniformly regular Rie- 
mannian manifold. 

(hi) {Go} U G forms a covering for M. doGi := Go H Gi C 9Go H dGi. 

(vi) Let Pi := p\Gi- Either of the following conditions holds true 
Pj < 1, i = or Pi > 1, i = l,---,n. 


Gi are called the Jif\-ends of M. 
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In the following, we will present several examples of singular manifolds with Jifx- 
ends, and show how to construct such manifolds in a systematic way. 

The proof for the following lemma is straightforward. 

Lemma 5.5. Suppose that (M,g;p) has property h G p) with pa¬ 

rameter {c,M), and {B^qb) is a uniformly regular Riemannian manifold. Then 
(M X B, g gs; p Ib) also has property Jtfx, and 

h 0 1 b G c^(M X + gs; p (g) Is) 

with parameter {c,M). 

Lemma 5.6. Let / : M —>■ M 6e a diffeomorphism of manifolds. Suppose that 
(M,g;p) has property Jtfx, and h G Jtf{M,g;p) with parameters {c,M). 

Then so does (M,/*g;/*p), and f*h€ Jtf{M,f*g;f*p) with parameters {c,M). 


Proof. It is a simple matter to check that (/ ^{0^), f*TK.)K€M forms a uniformly 
regular atlas for M and 

{rT.)j*h = r.K {fT.urg) = r.g- 

As a direct consequence, we have the identities 

(/V^)*grad^*s/*^ = 

and 

(/V«)*div/.g((/»2-^grad^.g/*/i) = divg(p2-^gradg/i). 

□ 

The following examples show that we can construct a family of singular manifolds 
with J^-ends in a great variety of geometric constellations. In particular, we can 
find manifolds with J^-type singularities of arbitrarily high dimension. 

Let Jo := (0,1] as in Section 4. We will introduce some subsets of the class ^(Jo), 
which is very useful for constructing examples of singular manifolds with J^Oi-ends. 
We call a cusp characteristic R G ‘^(Jo) a mild cusp characteristic if R satisfies 
m and (EH) below. 

R-ljo- (5.7) 

If R further satisfies 

|i7|<oo, (5.8) 

then we call it a uniformly mild cusp characteristic. We write R G ^‘^(Jo)- 

Example 5.7. R{t) = t, Rit) = ^arctant, R{f) = log(l + (e — I)t), R{t) = 
2t/3 + sin(^t)/3 are examples of uniformly mild cusp characteristics. 

Lemma 5.8. Suppose that R G ^^{Jo) and A G [0,1) U (l,oo). Then (Jq, Jt^;i?) 
is a singular manifold with Jtfx-end. 
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Proof. First, by [H Lemma 5.2], R) is a singular manifold. We set 

h{t) = sign(l — A) log R{t). (5.9) 

Then R{t)\h{t)\ = R{t) ^ Ijj, on Jo, and 

R\t)j^{R^-\t)h{t)) = |1 - A||7?(t)|2 + sign(l - X)R{t)R{t) ^ 

where Ic ■= (0,c] for c small enough. Then the assertion follows from the fact that 
([c, 1], is uniformly regular for any c > 0. □ 

Remark 5.9. We can actually show that (Jo,dt^;i?) is a singular manifold with 
property J(f\ with 

1 

h(t) := sign(A — 1) J ds/R{s) € M\{jQ,dt^]R), 

t 

as long as i? is a mild cusp characteristic. But for the sake of practical usage, we 
will see in Section 5.3 below that (EH) benefits us more in establishing the corre¬ 
spondence of the space with weighted Sobolev-Slobodeckii spaces. 

Suppose that R S ‘^‘ 2 r(Jo)) {B^gs) is a uniformly regular Riemannian subman¬ 
ifold of and (r,5r) is a compact connected Riemannian manifold without 

boundary. We call (M,g) a uniformly mild T-wedge over P{R,B), if there is a 
diffeomorphism / ; M — >• W{R, B, T) such that g = f*{(j)*p{dt^ + gs) + gr)- 

Proposition 5.10. Let A G [0, l)U(l,oo). Assume that (M,^) is a uniformly mild 
T-wedge over P{R, B). Then (M,(/) is a singular manifold with M\-end. 

Proof. Lemma 14.51 implies that 

(M,5;r((^J,(R®lB)(8)lr)) 

is a singular manifold. We define 

h{t) := sign(l — A)logi?(t). 

Put Ic ■= (0,c] and Me := f~^{P{R\i^,B) x T). It follows from Lemmas l4.1115.51 
15.61 and 15.81 that for c > 0 sufficiently small, {Mc,g) has property with 

nrpih 0 Is) ® Ir) G g; T® Is) 0 Ip))- 

□ 

Remark 5.11. As before, in fact, we only need to require i? to be a mild cusp 

1 

characteristic. Let h(t) := sign(A —1)/ ds/R{s). Then (M,^) has property 

t 

with 

ricf*pih 0 1b) 0 Ip) G M’xiM^g- f*iMR ® 1b) ® Ir))- 

In the following examples, we always assume that {B^pb) is a compact closed (7°°- 
Riemannian manifold. 

Example 5.12. By the above proposition, we can easily verify that the following 
manifolds enjoy property . 
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(a) Suppose M is a cone, i.e., M = ([0,1] x il)/({0} x B). We equip M with 

the conventional metric g = dt^ + t^gs- Then (M,g; ® Is)) enjoys 

property for A G [0,1) U (1, oo). 

(b) Suppose M is an edge manifold, that is, (M, g; p) = {P(t, B) x (l>*p{dt^ + 
9b) + gd]4>*pit 0 1b) 0 iRd). Then (M,g;p) enjoys property Jifx for X € 
[0,l)U(l,oo). 

In some references, the authors equip an edge with the metric g = df^/t^ + 5b + 
gvl^i which makes (M,g) uniformly regular. This case has been studied in depth 

in g. 

Given any compact submanifold S C (M,g), the distance function is a well-defined 
smooth function in a collar neighborhood of E. The distance ball at E with 
radius r is defined by 

]BM(E,r) := {p G M : distM(p,E) < r}. 

Proposition 5.13. Suppose that (M,g) is a singular manifold with holes. More 
precisely, (.^,g) is a uniformly regular Riemannian manifold. S = {Ei,--- ,Efe} 
is a finite set of disjoint m-dimensional compact manifolds with boundary such that 
Tij C ./#. Let A G [0,1) U (l,oo). Put M := ./# \ and 

:= B..#(9Ej ,r) n M, j = l,---,k. 

Then we can find a singularity function p satisfying 

p\^j,r =■ Pj = dist^(-,9Ej), 

for some r G [0, <5), where S < diam(.^) fulfils that fl = 0 for i j, and 

p ^ 1, elsewhere on M. 

Moreover, (M,p;p) is a singular manifold with Jif\-ends. 

Proof. By Lemma 14.61 (M,p) is a singular manifold. We will show that pj := 
dist^(-,9Ej) is a singularity function for and 

hj := sign(l - A) logpj G Mx{SSj^r,g\Pj) 

for sufficiently small r. By the collar neighborhood theorem, there exists an open 
neighborhood of 9Ej in the closure of M in , i.e., M, and a diffeomorphism 
fj such that 

f] ■ 9T,j X [0,e), {fj)*g\r,,, = g\di:, + dt^, 

for some e > 0. Note that pj is a well defined smooth function in for e 
sufficiently small. Let T^dTjj denote the normal bundle of 9Ej in M. At every 
point p G dPij, there exists a unique Vp G T^dTij such that 

TpfjVp = ei G TqM. 

Then, f~^{p,t) = expp{tvp), where ea;pp is the exponential map at p. Therefore, 
{fj)*PjiP,t) ■= in 9 Ej X [0,e), 

for some flj G C°°{dllj) and fij ^ laSj- Because of the compactness of 9Ej, by 
choosing e small enough, we can easily show that 

\^Pj\g - Ir^e, |Apj| < oo, in 
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Here A is the Laplace-Beltrami operator with respect to the metric g defined by 
A — Ag := div o grad. Since C for r small enough, in view of 

Pjgradhj = sign(l — A)gradpj, 


and 

Pjdiv(p2“^grad/ij) = sign(l - X)PjApj + |1 - A||gradpj|g, 

we immediately conclude that hj satisfies {M\l) and {M\2) in SSj^r for r small 
enough. 


Because |Vpj|g ^ 1 in for r small enough, we can infer from the implicit 
function theorem that 


Sj^ro := {p e M : dist^(p, dY^j) = tq} n M 

is a compact submanifold for some rg S (Ojr). By the tubular neighborhood the¬ 
orem, we can easily show that {SSj^roi9) and (M \ , 5 ) are all manifolds 

with boundary. 

By 0 Corollary 4.3], {dYj, is uniformly regular. In particular, taking Pj 

as a singularity function, (dYj, g\g-s/, Pj) can be considered as a singular manifold. 
By Lemmas 15.51 and 15.61 we conclude that for r sufficiently small j^ro-i 9Pj) is a 
singular manifold with boundary Sj^ro ■ 

Based on the collar neighborhood theorem, we can find an open neighborhood 
C of Sj^ro in M \ such that there is a diffeomorphism 

^j,ro ^ [Oj^)) 'Pj9\‘^j,e ~ sis’j.ro “f dt , 

with pjiSj^ro) = Sj,ro X {0}- We choose a function ^ G HC'°°([0,e), [0,1]) such that 

?l[O.e/4]=0, Cl[e/2.e) = 1- 

Put := 0 ^). Similarly, we can find G [0, Ij) such that 

^Jd\4>~PSj,roX[0,e/2]) = !> ^jd\<i>TpSj,roX[3e/4.,e)) = 0 - 

We define G C°°(M, [0,1]) with i = 0, • • • , fc as follows. For j = 1, • • • , fc, 

fl, p G ^j^roi fOj P S ^j.roi 

0(p) I ^j,jt P ^ and ^o(p) \ P G 

[O, elsewhere, [l, elsewhere. 

Put p := ^qIm + Then it is not hard to see that p is a singularity 

function for (M,^) such that p ~ 1 on M \ and pI^^^q = Pj- Therefore, 

(M \ g) is a uniformly regular Riemannian manifold. 

Summarizing the above discussions, we have proved that (M,p;p) is a singular 
manifold with .y^-ends. □ 


From the above proof, it is easy to see that the following corollary holds. 

Corollary 5.14. Suppose that (./#,p) is a uniformly regular Riemannian manifold 
with compact boundary. Let A G [0,1) U (l,oo). Put M := and 

'■= n M, j = l,---,k. 
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Then there exists a singularity function p satisfying 

p\sgr =■ Pj = ciist^(-,5^), 


for some r > 0, and 

p ~ 1, elsewhere on M. 

Moreover, (M,p;p) is a singular manifold with Jif\-ends. 


Remark 5.15. More generally, we can take S = {Si, • • • , S^} to be a finite set of 
disjoint compact closed submanifolds of codimension at least 1 such that Sj C 
if Sj He?./# 7 ^ 0. In [SI Theorem 1.6], it is shown that M is a singular 

manifold. Indeed, we can prove that this is a singular manifold with ^^-ends. The 
proof is quite similar to that for Proposition 15.131 but more technical. To keep this 
article at a reasonable length, we will not present a proof herein. 

Remark 5.16. In Proposition l5.131 we can also allow S = (pi, • • • , p^} to be a finite 
set of discrete points in .M. Then 

(M,p;p) := (.^\U,^^iB^(p*,r), 5 ;p) 

is still a singular manifold. Here p is defined in the same way as in Proposition l5.13l 


An estimate for Apj can be obtained from the fact that for r sufficiently small 

777 — 1 

+ 0 (p 7 (p)), in 

Pj\P) 

See m formulas (1.134), (1,159)]. Taking hj = logpj, we have 

p^div(p|“^grad/ij) = pjApj + (1 - X)\gT£idpj\l = m-X + 0{p]), 
since jgradpj jg = 1. We immediately have 

sign(TO - X)hj G 9] p) 

for sufficiently small r and A > 0 with X m. 

Therefore, (M,p;p) is indeed a singular manifold with c^-ends. 

5.3. Lp-theory on singular manifolds with J^-ends. 

Theorem 5.17. Suppose that (M,p;p) is a singular manifold with Jif\-ends. Let 
A' G K, p and X satisfy (jlSl). Furthermore, assume that the differential operator 

Au := —div(p^“^gradw) + C(Vu, oi) + oqu 

is {p, X)-regular. Then, for any eonstant z = a-\-ib and M satisfying (H2) and 
(H3) on all the Jif\-ends Gi with i = 1, - ■ ■ ,n, we have 

A G 'H(e^^IP 2 ’^'-^(M, H), e^'‘L^'(M, H)). 

Proof. Without loss of generality, we may assume that d^Gi yf 0 for z = 1, • • • , n. 
It is not hard to see that d^Gi is a component of dGi. 

(i) Based on the collar neighborhood theorem, we can find an open neighborhood 
Ui of dfjGi in Gi such that there is a diffeomorphism 

^oG^ X [0,1), (l)*g\ui = g\aoGi + dt^, 
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with (j)i{doGi) = doGi x {0}, and 

Pi\ui lUi) i = I, - ■ ■ ,n. 

We choose functions f 1), [0,1]) such that 

?l[0.1/2] = l> 'fl[3/4,l) = 0; CI[O.l/4] = 0, ^|[i/2,l) = l. 

Set TTj^o := (t>W^doGi ® 0 and := (j)*{looGi ® 0- We define iTj G C'°°(M, [0,1]) 
with j = 0, • • • , n as follows. For i = 1, • • • , n, 


^i(p) 



p G Gi \ Ui, 

1 

fl; 

P G Go, 

P G Ui, 

and 7fo(p) = 

1 

P G Ui, 

elsewhere, 

1 

[o, 

elsewhere. 


For j = 0, 


, n, we set 


\/Ei=o w 

Then (7r^)^_Q forms a partition of unity on M, and G 


Put Go := Go U Ur=i which is uniformly regular. Define 

n 

^2’'(MW) :=l[W^’^iX,,V), 

i=o 


where W for j = !,••• and Xq := Gq. It is understood that on Xq, 

the singularity function can be taken as Ixqj and thus the definition of weighted 
function spaces on Xq is independent of the choice of the weight d. We further 
introduce two maps: 

F) ^ : u ^ 

and 

n 

A : wf{M,V) ^ : (u,)^=o ^ E 

3=0 

By Proposition [221 we immediately conclude that A is a retraction from the space 
1 ^ 2 ’ (M, V) to IF 2 ’’^(M, F) with A'= as a coretraction. 

(ii) We show that there exists some h G G^(M) such that hi := h\Gi G J^\{Gi,g\ pi) 
with uniform parameters (c, M) for i = 1, - ■ ■ ,n, and /iq := h|Go G BG^{Go). 


Since Gi has property we can find hi G Mx(Gi, g; pi) with uniform parameters 
(c, M) on all W^-ends Gi for i = 1, • • • ,n. Note that for u G G^(M), it follows from 
[31 formula A.9] and (12.91) that 

|Am| = |G^^i Vgradu] = |Vgradu|g = |grad^it|g = |V^M|g. 

Therefore, (J^l) and (Wa2) actually imply that hi G BG'^-'^{Gi). 


Since d^Gi is a compact submanifold of M, by the tubular neighborhood theorem, 
we can hnd an closed neighborhood Ui of cIoGi in M such that Ui C\Gj = 0 for 
j ^ 0, i, and there is a diffeomorphism 
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with the convention (pi : Uid Gi ^ doGi x [0,1), and 

Pi\ui '^Ui^ * = 1, • ■ ■ I 

By a similar construction as in Step (i), we can find G 1,1], [0,1]) with 

CI[-l,-l/2] = Ij Cl[-1/4,1] = 0; ^|[_i,_3/4] = 0, Cl[-1/2,1] = 1- 

Set := ^r(laoGi ® C) and := (p*{ldoGi ® |). Then we define 


Gn Ui^ { Gn Ui^ 

1, on Gi \ Ui] and := 0, on Gt \ U^; 

0, elsewhere, I 1, elsewhere. 


The compactness of doGi and [Sj Corollary 4.3] imply that d^Gi is uniformly regular. 
Therefore, we find for doGi a uniformly regular atlas := {OK.,i,0K,i)Keiiij and a 
localization system {TrK,i)KeSii- We set 

— ( pj ^ (0^,2 ^ [ I5 ^1)5 

and TT^.i := (p*{TTK,i <8 l[_i.i])- Then (tt^ forms a partition of unity on Ui. 

Let V'K.i = [‘PK,i]~^- We dehne 

: BG'^iMi) ^ BC'=(U), u ^ 


and 

-Ri : BC'=(U) ^ BC^{U,), 
Here JBC'=(U) := n« 6 j 4 . BC^{\5^) and 




U 


k; 


R—lx [-1,1], ifM, = 17,; 

R"*-! X [0,1], iiMi = U,dGi. 


Then alike to Proposition 12.11 we can show that TZi is a retraction from BC^(U) 
to BG^{Mi) with TVi as a coretraction. 


By a well-known extension theorem, there exists a universal extension operator 

(£ G £(HC'=(R'"-i X [0,1]), 5(7'= (R"*-! x [-1,1])). 

Set C G £(BC'=(R'"-i X [0,1]),5C'=(R™-i x [-1,1])) and 

(Bi := TZi o (£ o TZ'r, i = - ■ ■ , n. 

Note that {Gi U Ui^g; p) is a singular manifold. Then 

(S, g£( 5C'=’°(G,),5C'=’°(G,U17,)), i = l,---,n, fc G Nq. 

Here we adopt the convention that €iM(p) = u(p) for any point p G Gi \ Ui. Put 
hi := <Bihi. We thus have hi G BG^’°{Gi U 17^). Now we define 

n 

h = CqIm + 

i=l 

Then h G G^(M) satisfies the desired properties. 
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(iii) One can verify that for j = 0, • • • ,n and any v S X>(M, F) 

TTjAhV =Ah(Trjv) + 2p^“'^C(Vi;,grad7rj) 

+ [div(p^“^grad7rj) — C(V7rj,ai) + 2zp‘^~^C{\7TTj,gTadh)]v 

= : AhiTTjv) + BjV, (5.10) 

where the operator Ah is defined in (15.21) . Note that p|u"_osupp(jV 7 rj| 9 ) ^ Ij and 
thus 

gradTTj € BC°°^^{M,TM) 

for any i? G M. Based on these observations and Propositions 12.21 [2.3112.81 and [21 
Corollaries 7.2, 12.2], we infer that 

j = 0,---,n. (5.11) 

Set Ahj '■= Ah\xj- (15.51) and [U Theorem 5.2] yield 

Ah, €H{W^^'-\Xj,V),L^\x^,V)), j = 0,... ,n. 

Put Ah ■■= {Ah,)j^o and 

Ei:=wI’^'~\m,V), Eo := L^'{M,V). 

Then there exist some 9 G [7r/2,7r), wq > 0 and £ > 0 such that So := wq + Se C 
pi-Ah) and 

ImT ’^Wi^' + Ah) ^\\c(Eo,Ek) ^ B, fc = 0,l, p G So- 

Put 

B ■-= {Bj)^^o e C{bI'^'-^^\m,V),Eo). 

From Definition (12.31) . it is not hard to show that 

bI’^'~^^\m,V) = {E,,Eo)i/2,2- 

Then by (|5.11|) . we have 

bag £{bI'^'~^^\m,V),Eo). 

Combining with interpolation theory, we infer that for every e > 0 there exists 
some positive constant C{e) such that for all u = (uj)”^o ^ 

\\BAu\\eo < £||M||iSi + (^(e)]]^]]^^. 

Given any u G Eo and p G So, 

\\BA{p + Ah) ^u\\eq iSe\\{p + Ah) ^u\\ei + C{e)\\{p + Ah) 

<£{e+^)\\u\\E,. 

Hence we can find some wi > uio such that for all p G Si := uii + Eg 

\\BA{p + Ah) ^||z;(Eo) < 1/2, 
which implies that Si C p{—Ah — BA) and 

ll(/ + SA(/i + A)-')-'|U(E;o) <2. 

Now one can easily verify that 

ImT ^\\{p + Ah+BA) ^||£(_Eo,Efc) < 2£’, fc = 0,1, ^ G S'!. 
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(iv) (j5.10l) shows that 

+ Ah)u = {fj, + Ah)A‘^u + BAA^u = {fi + Ah + BA)A‘^u. 

For any ^ € Si, this yields 

A{^+Ah+BA) ^A'^{^+Ah) = A{^+Ah+BA) ^[iM+Ah-\-BA)A‘^ = 

This proves the injectivity ot fi + A for G Si. 

(v) On the other hand, one can also view Bj as an operator from V) 

to L 2 (M, y). Then 

Let $16 := ~ i^j)j‘=o- Following an analogous argument as in (iii), 

we infer that there exists some W 2 > wi such that S 2 ■= W 2 + Sg C p{—Ah + A'^®) 
and 

\p\^-'^\\{p + Ah-A-^)-^\\ciEo,E,)<2£, A = 0,1, PGS 2 . (5.12) 

We further have 

(m+A)A(m+A-A^<8)-iA^ = A(^+A-A^*B)(m+A-A^*B)-iA'= = id^V(M,y). 

Thus, p + A is surjective for ^ G S' 2 . Moreover, together with (15.121) . we have 

ImI II(i^ + -^?i) llr:(L^'(M,v'),vv2^'“’^'“^(M,y)) — ^ ’ fc = 0jl) P G S 2 

for some £' > 0. Now the asserted statement follows from the well-known semigroup 
theory and a similar argument to the proof for Theorem 15.21 □ 

The following theorem is the main result of this paper. 

Theorem 5.18. Suppose that {M,g;p) is a singular manifold satisfying p <1, 

IVpIg 1, ||Ap||oo<00 

on Mr := {p G M : p(p) < r} for some r G (0,1]. Moreover, assume that the set 

Sro := {p G M : p(p) = ro} 

is compact for tq G (0, r). Let A' G M, and A G [0,1) U (1, 00 ). 

(a) Then (M,g;p) is a singular manifold with Jtf\-ends. 

(b) Furthermore, assume that the differential operator 

Au := —div(p^“^gradM) -I- C(Vu, ai) -I- oqu 
is {p, X)-regular. Then 

A G {M,V)), l<p<oo. 

Here V = C if p or V = Vf with cr, t G Nq if p = 2. 

Proof, (i) For M > 0, we set 

/i(p) = Msign(l - A) logp(p), p G M. (5.13) 

A direct computation shows that 

pgradh = Msign(l — A)gradp, 
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and 

p^div(p^“^grad/i) = Msign(l — A)pAp + M|l — A||gradp|g. 

Together with (S3) and (S4), one can then easily show that h G and 

hG J^fx{Mri,g;p) (5-14) 

with parameters {c,M) for some ri < r sufficiently small. 

By the implicit function function theorem, SrQ is a compact submanifold. Then the 
assertion that (M, 5 ; p) is a singular manifold with J^-ends is simply a consequence 
of the tubular neighborhood theorem. 

(ii) The retraction-coretraction system defined in the proof for Theorem l5.17l allows 
us to decompose the problem into generation of analytic semigroup on every 
end, and then to glue the complete operator together by the perturbation argument 
used therein. 

We thus can reduce the assumptions on the manifold {M,g;p) to only assuming 
(M, 5 ;/ 9 ) to be a singular manifold with property Jifx, and property Jifo if A 7 ^ 0. 
Moreover, 

h = Msign(l - A)logp G J^x{M,g-,p), ho = MlogpG J^(M, g; p), 
both with parameter {c,M). 

The reason to include the extra assumption that (M,p;p) has property will be 
self-explanatory in Step (v) below, while we determine the domain of the (M)- 
realization of the operator A. 

(iii) Take h as in (j5.13|) and z = a + it, M satisfying (H2) and (H3) in Section 5.1. 
In Theorem 15. 171 we have shown that 

A G V), e^^L^'(M, V)). 

We have = p^'sA^-A^^ = ^sign(i-A)oM^sign(i-A)bMi_ gy (13.61) and Proposi¬ 
tion [231 we infer that 

VlogpG 

which implies 

y^sign(i-A) 6 M* ^ G BC^'°{M,T*M). 

Combining with |pSign(i-A)bMi| = we thus have 

^sign(l-A)&Mz g 

By Propositions 12.2112.41 and the fact that e^^e~^^ = = 1m, we infer that 

G /:is(W;’’^(M, P), W7^-.’5+sign(A-l)aM^^^ j < p < 00 , 0 < s < 2. 

A similar argument to Theorem 15.21 yields 

A G H(W 2 V), V)). 

Since A' is arbitrary and sign(A — l)aM G (—l/2c^, l/2c^), it implies that 

A G ■H(W2^’^''^(M, P), L^'(M, P)), a' g K. 
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(iv) Now we look at the general case 1 < p < oo and suppose that V = C. Recall 
that the adjoint, ^*('(?), of A with respect to is 

A*{'&)u = —div(p^“'^gradu) — C(Vu, 2i?p^“'^gradlog p + oi) + b{'d, a)u, 
where with a = (a,oi,oo) and 

b{'d,a) := oq — div(i?p^“^gradlogp + oi) — i?(i9p^“'^gradlogp + ai|gradlogp)g. 

To simplify our usage of notation in the following computations, we first focus on 
the case A > 1. The remaining case follows easily by symmetry. Recall that when 
A > 1, we can set 

/i(p) = —Mlogp(p), peM, M > 0. 

Let A^{'&) := o o Since ^*(i?)is (p, A)-regular and (p, A)-singular 

elliptic, by choosing 0 = z{d) = a + ib and M = M(i?) satisfying (H2) and (H3), 
we have 

AUA) e n{W^'-^{M),L2{M))nCis{W^’-^{M),L2{M)). 

We have thus established 

^*( 1 ?) e n£is(W2’“^”^(M),L““(M)), 

and the semigroup is contractive. Note that 

aM e (-l/2c^0) C (-1,0) 

only depends on c. Henceforth, we always take a := aM = — l/4c^. 

For the adjoint, A{d-,2a), of with respect to L 2 [M), we can show similarly 

that 

A{^-, 2a) e H(W 2 L“(M)) n /:is(TT 2 L^(M)), 
and is contractive. Let Ah{'&', 2a) = o 2a) o 

The Loo-contractivity of {e-*-^'*}t>o, and can be 

built up by a similar argument to Section 3.2. It yields for any u G L 2 (M) nL(^(M) 

= (5.15) 

< < ||u||ls,. 

(I5.15|) follows from Ah = 0^0 and 

e-.he-tAeZhy ^ ^-zh [!!(!!+ 

n^oo t t 

= lim + A)-^e^'^rv 

n—>00 t t 

= lim [-{- + e-^’^oAoe^^)-^]^v 

n—>00 t t 

= lim [^(^+Ah)-^Tu = e-^^M. 

n— )-oo t t 

A similar argument applies to and {e as well. Thus we 

have established the L)^-contractivity of the semigroups 

and 
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Now we make use of the duality argument in Step (ii) of the proof for Theorem l3.7l 
again. For any u € n Lf-^(M) and v € L^(M) n L^(M), it holds 

Taking = A' + a, the above inequality proves that {e~^'^}t>o is indeed L\ - 
contractive. Applying this duality argument to and 

repeatedly with respect to (■|■) 2 ,c^, we can then obtain the L“-contractivity of these 
two semigroups. Adopting the duality argument once more, we have 

Hence, by Lemmais indeed -contractive for all 1 < p < oo. After 
carefully following the proof for Theorem 13.71 one can show that {e“*'^}t>o can 
be extended to a contractive strongly continuous analytic semigroup on (M) for 
1 < p < oo. 

(v) To determine the domain of the realization of A on (M), we look at the 
operator 

IBu := —div(p'^a • gradu) -I- C(Vu,p^ai) -I- p^a^u + \Ciyu, p^a ■ grad log p). 

We have computed in Section 3.1 that A = p“^*8. Since in Step (ii), we assume that 
(M,p;p) has property Mq, following an analogous discussion to Step (iii)-(iv), we 
can show that —58^^ := —IB —w generates a contractive strongly continuous analytic 
semigroup on with domain D{^^) for 1 < p < oo and any w > 0. In 

particular, D[^^) is independent of u. On the other hand, by [H Theorem 5.2], 
for uj sufficiently large and A' G M, 1 < p < oo 

Therefore, we indeed have D{^) = and 

*B e H(Wp^’^'"^(M),L^'"^(M))n£is(Wf’^'-^(M),L^'-^(M)). 

Now it follows from a similar argument to the proof for Theorem 13.31 that 
AeH(% 2 ’^'-^(M),L^'(M))n/:is(Wp 2 .A'-A(p^)^^V(|^))^ A'eK, l<p<oo. 

□ 


We say u, u G are C^-equivalent, which is denoted by u v, if 
u^v, jVWjg - |V*u|g, i = ,k- 

Definition 5.19. A n m-dimensional singular manifold (M,p;p) is called a sin¬ 
gular manifold with holes and uniformly mild wedge ends if it fulfils the following 
conditions. 

(i) (.^, g) is an m-dimensional uniformly regular Riemannian manifold, and 
S = {El, • • • , Efc} is a finite set of disjoint m-dimensional compact mani¬ 
folds with boundary such that Eg C Put Gq := ./# \ U^^iEg and 

^j,r ■= B^((9Eg, r) n Go, j = !,■■■ ,k. 
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Furthermore, the singularity function p satisfies 

p ^2 dist_^(-, dYij) in (5.16) 

for some r G (0, <5), where 6 < diam(.^) and = 0 for i ^ j, and 

p ~ 1, elsewhere on Gq. 

(ii) G = {Gi, • • • , G„} is a finite set of disjoint m-dimensional uniformly mild 

wedges. More precisely, there is a diffeomorphism fi : Gi ^ W{Ri, Bi,Ti) 
with Ri G Let Ir := (0,r] and 

%,r ■■= /r^('/’p(dr X Bf) X Tj), i = l,--- ,n. 

Moreover, the singularity function p satisfies 

(5.17) 

for some r G (0,1], and 

p ^ 1, elsewhere on Gi. 

(iii) {Go} U G forms a covering for M. digGi := Gq H Gi C 9 Go H i 9 Gi. 

One can easily see that (15.161) and (15.171) imply that 

|Ap| < oo in and (5.18) 

The following corollary does not directly stem from Theorems 15.171 and 15.181 But 
using the ideas in their proofs, we can prove this corollary without difficulty. 

Corollary 5.20. Suppose that (M,p;p) is a singular manifold with holes and uni¬ 
formly mild wedge ends. Let X' G R, and X G [0,1) U (l,oo). Furthermore, assume 
that the differential operator 

Au := —div(p^“'''gradM) + C(Vu, oi) + oqu 

is {p, X)-regular. Then 

Aen{W^’^'-^{M,V),L^\M,V)), l<p<oo. 

Here V = C if p 2, orV = V^ with cr, t G No if p = 2. 

Proof. If Si^r := (p G Gi : p(p) = r} is compact for small r and alH = 1, • • • ,n, 
then by Theorem 15.181 the asserted result will be true. However, in general, Si^r 
might not be compact. Nevertheless, looking into the proofs for Theorem 15 .1 71 and 
Theorem l5.181 the compactness of Si^r will only be responsible for Step (i) and (ii) 
in the proof for Theorem 15.171 

Firstly, we take h := sign(l — A) logp. Then h G G^(M) satisfies 
h G J^x{S§j^r,g',p) and h G .Atx{^i,r, 9', p) 

with parameters (c, 1) for some r > 0, following from (15.181) and a similar argument 
to the proofs for Propositions 15.1(11 and 15.1^ Furthermore, 

k n 

G HG2(M \ (U ^ U U ^,,r)). 

j=l i=l 
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Thus the properties of h listed in Step (ii) of the proof for Theorem 15.171 are all 
satisfied. 

Next, we prove the existence of the retraction-coretraction system defined in Step (i) 
of the proof for Theorem 15.171 For any r G (0,1), picking (rojr] with tq > 0, we 
can construct a collar neighborhood of Si^r on Gi by 

U, := X {ro^r]) xT,). 

Moreover, we choose CjC £ BC°°{{ro,r], [0,1]) such that 

?l(^o.r±|ro] = 0; = 1, = 0. 

Now we can define := ® IPt); and := f*{4>*p{lBi Ipi)- 

The rest of the proof just follows from a similar argument to Step (i) of the proof 
for Theorem 15.171 □ 

Remark 5.21. In view of Remarks 15.151 and 15.161 the assertion in Corollary 15.201 
remains true if we replace the condition of singular manifolds with holes by remov¬ 
ing a finite set of disjoint compact submanifolds {Ei,--- ,Efe} or discrete points 
{pi, • • • , pfc} from a uniformly regular Riemannian manifold g). Here C 
if Ei n 0, or pi € pd. 

Remark 5.22. From our proofs in Section 3 and 5, it is a simple matter to check 
that we do not require the singular manifold (M,g;p) to enjoy smoothness up to 
C°°. Indeed, in order to prove all the results in Section 3 and 5, it suffices to require 
(M, p) to be a C'^-singular manifold. 


6. Applications 

6.1. The Laplace-Beltrami operator. Suppose that (M, p; p) is a singular man¬ 
ifold. 

Recall that the Laplace-Beltrami operator with respect to g is defined by 

A — Ag := div o grad. 

One readily checks that A is (p, A)-regular and (p, A)-singular elliptic with Ca- = 1, 
A = 2. 

Given any Banach space A, s G (0,1), and any perfect interval J, we denote by 

C%J,X) 

the set of all u G C{J,X) such that u is Holder continuous of order s. 

Let My := (0,r] x M, and Mq := {0} x M. Then Theorem l5.18l Corollarv l5.20l and 
[TJ Theorem H.1.2.1] imply the following existence and uniqueness theorem for the 
heat equation. 

Theorem 6.1. Suppose that either (M,p;p) is a singular manifold with holes and 
uniformly mild wedge ends, or (M,p;p) satisfies the conditions in Theorem \5.18\ 
Let A' G K and J = [0, T]. Then for any 

(/,ro)gC*(J;L^'(M))xL^'(M), 
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with some s € (0,1), the boundary value problem 

{ Ut — Au = f on Mt- 

u = 0 on OMt (6.1) 

u = uq on Mo 

has a unique solution 

u G Ci+*(J\ {0}; L^'(M)) n C^(J\ {0}; 

In the case of L 2 -spaces, making use of [351 Theorem 1.6], we have the following 
corollary. 

Corollary 6.2. Under the conditions in Theorem, \ 6. 1[ let V = V,^ be a tensor field 
on M and 1 < p < oo. Then for any 

{f,uo) G Lp{[0,T]-,L^\M,V)) X 

the boundary value problem (EU has a unique solution 

ueLp{[0,T]-,wf-^{M,V)) X lTpi([0,T];L^'(M,l/)). 

Remark 6.3. A similar result can also be formulated for the wave equation on 
singular manifolds with holes and uniformly mild wedge ends, or singular manifolds 
satisfying the conditions in Theorem 15.181 We refer the reader to [31] for the 
corresponding semigroup theory for hyperbolic equations. 


6.2. Degenerate and singular equations on domains. Suppose that ft C K™ 
is a smooth domain with compact boundary. 


For r small enough, dVl admits an r-tubular neighborhood, which we denote by T,.. 
Here r depends on the uniform exterior and interior ball condition of dTl. Let 


ddn{x) ■■= dist(x, dH), x G H, 

i.e., the distance function to the boundary. We define d ; H —>■ R+ by 


d = ddci if H is bounded, or 


d = don 
d - 1 


in fl n T^, 

otherwise. 

in fl \ Tj. 


( 6 . 2 ) 


It follows from [3 formula (3.3), Corollary 4.5] that H is a uniformly regular Rie- 
mannian manifold. Then by Remarks 15.15115.211 and Corollary 15.141 {n,gm',d) is 
a singular manifold with J^-ends for A G [0,1) U (l,oo). The weighted Sobolev- 
Slobodeckii spaces and Holder spaces can thus be defined as in Section 2.2, which 
is denoted by A) for any finite dimensional Banach space X. 


(6.3) 


Let J = [0,T]. We consider the following initial value problem. 

Ut + Au = f on TIt] 
u = Uq on Hq. 

Here 

Au = —aAu + oi • Vit + ooM, 

and the coefficients (a, oi, oq) satisfy for some s G (0,1) and A G [0,1) U (1, oo) 

ai GCfyJ;HC°’^(H,ToK™)), aoeC^J;LUm (6-4) 
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and if A = 2 

aeC'®(J;R+); (6.5) 

or if A 7 ^ 2 

a € C^{J, for every f G J, ^2 d- ( 6 . 6 ) 

Observe that (EH) can be equivalently stated as 

d^-^ai G C'"( J; BC{n, R™)), d^oo G C'"( J; Loo{^)). 

By E-bD and (16.6p . we can verify that when A 7 ^ 2, (Jl, is a C'^-singular 

manifold with c^-ends. When A = 2, we take the singular manifold to be (O, g^n, d). 
In both cases, the conditions in Theorem 15.181 are satisfied. 

Now we conclude from [U Theorem II.1.2.1] that 

Theorem 6.4. Suppose that Q C R™ is a smooth domain with compact boundary. 
Let s G (0,1), A G [0,1) U ( 1 , 00 ), A' G R and 1 < p < 00 . Assume that the 
coefficients (a,ai,ao) of the differential operator 

Au = —aAu + tti • Vm + oqu 

satisfy E3>-EH- Then given any 

(/,uo)GO*(J;<(0))xL^'(0), 
the initial value problem EH has a unigue solution 

u G ci+*(J \ {0}; L^'m n c^j \ {0}; w^'-\n)). 

Remark 6.5. Based on (16.6p . we can readily observe that the principle symbol of A 
satisfies 

a(t)|eP^d2-"|^P, A 7 ^ 2. 

Therefore, (16.31) can either be a degenerate boundary value problem or be a bound¬ 
ary blow-up problem. This supplements the results in HBQiilQIl with weak de¬ 
generation case, i.e., A G (0,2), and boundary singularity case, i.e., A > 2. 

6.3. Generalized Heston operator. Let fl = R x R_|_. One can readily check 
that 

(M,g;p) := {n,g 2 ;y), g 2 = dx"^ + dy"^, 
is a singular manifold with uniformly mild wedge end. 

Let J := [0,T]. Consider the following initial value problem. 

{ Ut + Au = f on LIt 

(f\ 

m( 0 ) = uq on Oq. 

Here with a < 2 and z = (x, y) 

Aft, z)u{t, z) 

: = -d^{y°‘a’'^dju{t, z)) + y°‘~'^V {t, z)dju{t, z) + y°‘~'^c{t, z)u{t, z), 

where hd{t,z) := hf{t,z) + yb{{t,z), and c{t,z) := co(t,z) + yci{t,x) + y‘^C 2 {t,z). 
We impose the following assumptions on the coefficients. 
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(GHl) 


= 


1 

ga 



cr > 0, —1 < e < 1, 


(GH2) 6^,Ci G C^{J\Lao{^)) for some s G (0,1). 

This problem corresponds to the case A = 2 — a in (ED. 

While a = 1, bl = const, cq = 0, Ci,C 2 = const, A is called the Heston operator. 
dSU generalizes the Heston model in the following sense. It does not only exhibit 
degeneracy along the boundary, but boundary singularities may also appear. When 
a > 0, the diffusion term is degenerate. Whereas a < 0 corresponds to the situation 
that boundary singularities show for the highest order term. 

The Heston operator has been studied in [HHIIIIS] and the references therein. 
In this subsection, we focus on the case a ^ 1. The study of this kind of problem 
is new since the Schauder approach in the aforementioned articles relies on the 
particular choice the degeneracy factor y. 


One can check by direct computations that after a change of spatial variables and 
rescaling of the temporal variable. Equation (ED can be transformed into 

{ Ut + Au = f on 

m(0) = uq on Hq. 

Here 

A{t, z)u{t, z) := - dj{y°^dju{t, z)) + z) + yb{{t, z))dju{t, z) 

+ z) + x) + y^C2{t, z))u{t, z), 

where 6^, Ci G C*( J; Loo(H)). By Corollarv l5.201 

Theorem 6.6. Suppose that H = R x ]R-|_. Let s G (0,1), a G (—oo,l) U (1,2], 
A' G R and 1 < p < oo. Assume that (GHl) and (GH2) are satisfied. Then given 
any 

{f,uo)€C%J;L^'{n))xL^Jin), 
the equation (I6J1) has a unique solution 


u G G'+^(J \ {0}; L^'(H)) n C*(J \ {0}; W 


A'+a-2 

P 


(H)). 
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